STAT101
Chapter 4Probability
VEREY IMPORTANT

ﬁ—Section 14

x Preview ' wBfF K Wp Ax'
Rare Event Ruléor Inferential Statistics:' dfF 7T Cg tbg K b Hb

If, under a given assumptiorihe probability of a particular observed event is_extremely
small, we conclude that the assumption is probably not correety JBICHZHAFBG + 3 ¢ F

G y[ HECKEE O nTBeFF = [FaxOTy M| Ar HOF

Statisticians usethe rare event rule for inferential statistics.

+ Section 24 Basic Concepts of Probability

x Key Concept
This section presents three approaches to finding thebability of an event. K p /1 1
"2 b A, m Bphy e OFXBINER MOE

The most important objective of this sectiontslearn how to interpret_probability

values.'d b F Bahp b Y & AgbHek HE & k B [ /1 FOF

V Part 1Basics of Probability

x Events and Sample Space
U Event

any collection ofresults or outcomes of a procedurg syK mp ¥'B
F F g & SKF b x HOF
Simple Event
an outcome or an event that cannot be further broken down into
simpler components 9 f xmvHB®E T upYT @ FBEBa pma T 17'h X
'‘ABIY
Sample Spacemportant
for a procedure consists of all possibi#mple events; that is, the
sample space consists of all outcomes that cannot be broken down
any further. wx WM A_OIFKM K wix (A BIRBBHGFU A IOYH B T w
LLKAMD /N3 By HB\TtpctQFID 8 )M bb T
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x Notation for Probabilitieamportant

P - denotes a probability. ...

A, B, and C - denote specific évents.

P(A) - denotes the probability of
event A occurring. «-sese

x Basic Rules for Computing Probabilmportant

Rule 2: Classical Approach to Probability

Rule 1: Relative Frequency Approximation of
Probability jiaayi se ssl st ol ssct
Conduct (or observe) a procedure, and count the

number of times event A actually occurs. Based on
these actual results, P(A) is approximated as follows:

e P (A) w5t cataill 3l 038 e olizg 83181 o Suing A Susall S sse s el (e 1) ey
oLl ol

A L Juany oS ol bl s g

. # of times A4 occurred
P(4) = -

of times procedure was repeated
Y i 5,81 S ol ol e

Rule 3: Subjective Probabilities v

P(4), the probability of event 4, 1s estimated
by using knowledge of the relevant

: P (A) &aall Jlialg Ac opo &l ] alaiuly 48
circumstances. .- %L.. S

(Requires Equally Likely Outcomes)=¥lss! &l LS events J1 oS
Sgaall 4gluds

Assume that a given procedure has n different simple events
and that each of those simple events has an equal chance of

occurring. If event A can occur in s of these n ways, then
oo Lgluio Luayd ol Uavws Slaa¥ ol S s Uaseas Eluad N Cilinag cras chyal o (2538

S U1 Gob 0 S b Buny O Ky Saaa 3] gl

Eau ol (Sas WAYS (e Sie

(A) - f/l = number of ways 4 can occur

number of different simple
events e sla¥ldbae sue

x Law of Large NumbersRule 1

. alp WpKF YJOF
N m B T .8t MACFhEHE /B bR
= Y9bfFBhCcPpHF

brFBbchRUppbypkinl bj s

As a procedure is repeated again and again, the relative frequency

probability of an event tends to approach the actual probabilityp F @ B fp
".c ABY QpcHp b Bw & prc BTk bty belBie ¢ Mp By & 8 /1 FOF
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x  Probability Limitsvery important
Always express a probability as a fraction or decimal number between
Oand 1'.Mmmng 1P lakipgy Hb b BaBE FREIHF p
U The probability of an impossible g —Cortain bossS

event is 02 p EGHbg Ebhc F
JMb T CcbhhB IOF
The probability of an eventhat is

— Likely e &ysa Jlca!

certain tooccurislem|bg B hc
MM b @ b YieptORBQFc tOF T —

For any event A, the probability of P’tﬁm_ﬁw, )Lj| oule 05 F—50:50 Chance

A is between 0 and linclusive. i ssbol lylatn s

¢ KI Aacs am e
ATI3FB uMFpbb3 an — Unlikelyapia o i
cnT pYHh 971 #A plV M

'2MpclOF WpbYB cnT AT

0 —— — Impossible &gl i

Wl sl sy

Complementary Events

The complenent of event A, denoted bABAR consists of alll

outcomes in which the event A doesot occur. X 9 F HIOF nHfpk-tOF b X |
YFpBIOF bpbK ap3 NHT bjfc Py ddtfisbplRbc b ¢

. _ _ pnAb" M hcpupFK VmvBKr Bpb c FMIOF c KOl p s
whe> pmfF bBbh pcFMIKF pwmng wtOfFBbCcF apkKk

the rule of complement of event

pcr)= 1-P (k)

x Rounding Off Probabilities
When expressing the value of a probability, either give thgact
fraction or decimal or round off final decimal results to three significant
digits. (Suggestion: When a probability is not a simple fraction such as
2/3 or 5/9, express it as a decimal so that the number can be better

understood.) wWHOwmp p IMQY' b ¢ ECIOF A I8 Wb eyl kbl T D KHCHOF

b ¥Aer_DHGHE THG BFH B boF b ty hlF PUDHHD T TUpRE J1RIER D)
"(bY BYha AaYibbs pAIMGET 0D pf FAOFT 2 MMM

3 | Page By Shahad Alhawashi



V Part 2Beyond the Basics of Probability: Odds

x Odds

The actual odds against event 4 occurring are the ratio P(A)/P(A),
usually expressed in the form of a:5 (or “a to »”), where a and b
are integers having no common factors.

o WJSis pdBale die yuas (P (A) /P (A) L (oa &0a3 A Saall ol Lladll oY Laial
ASSe Jalse gsag pue danaia laei b s @ dua ("D " ) -
The actual odds in favor of event 4 occurring are the ratio P(4)/
P(A), which is the reciprocal of the actual odds against the event.
If the odds against 4 are a:b, then the odds in favor of 4 are b:a.

Lladll SIS (ole slio 59 (P (A) /P (A) Locss b SuaS A Suall plleal Lladll oY laial
Jio oa A LA gyiie plln (o8 CMA a5 (O iy s SN IS 1] L Eaall 1ia as

The payoff odds against event 4 occurring are the ratio of the net
profit (if you win) to the amount bet.

payoff odds against event 4 = (net profit) : (amount bet)

x Recap' whbbl> '

In this section we have discussed:

£4 Rare event rule for inferential statistics.

&4 Probability rules.

£ Law of large numbers.

£1 Complementary events. P (K) =1-P( ﬁ)
£4 Rounding off probabilities.
£ 0dds. 4. PCAY/ PCAY.

g. P(N)/ PA)
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EXAMPLE 13 - :
It you bet $5 on the number 13 in roulette, your probabil-

ity of winning is 1/38 and the payoff odds are given by the casino as 35:1.
a. Find the actual odds against the outcome of 13.

b. How much net profit would you make if you win by betting on 13?

c. If the casino was not operating for profic, and the payoff odds were changed to
match the actual odds against 13, how much would you win if the outcome

were 13?

SOLUTION |

a. With 2(13) = 1/38 and P (not 13) = 37/38, we get

P(not13) 37/38
P(13) 1/38

actual odds against 13 =

b. Because the payoft odds against 13 are 35:1, we have

35:1 = (net profit):(amount ber)

So there is a $35 profit for each $1 bet. For a $5 bet, the net profic is $175. The
winning bettor would collect $175 plus the original $5 bet. That is, the total
amount collected would be $180, for a net profit of $175.

c. If the casino were not operating for profit, the payoff odds would be equal to the
actual odds against the outcome of 13, or 37:1. So there is a net profit of $37 for
cach $1 bet. For a $5 bet the net profit would be $185. (The casino makes its
profit by paying only $175 instead of the $185 that would be paid with a roulerte
game that is fair instead of favoring the casino.)
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i— Section3-4 Addition Rule

x Key concept
This section presents thaddition rule as a device for finding
probabilities that can be expressed as P(A or B), the probability that
either event A occurs or event B occurs (or they both occur) as the
single outcome of the procedure.p cgmwn 2 w1t KOF BhcF MF

anxs

ThekeywordA y (KA & aSOlA2Yy Aa a2 NIE
either one or the other or both.

x Compound Event
any event combining 2 or more simple event¥le AT XX bF p M
K73
Notation important P(A or B) = P (ina single trial, event A occurs or
event B occurs or they both occur)

x General Rule fora Compound Event
When finding the probability that event A occurs or event B occurs,
find the total number of ways Aan occur and the number of ways B
can occur,but find that total in such a way that no outcome is
counted more than once
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® p AHFPNKAKM X BE)r @D & p &A@ b @gF enHIKKH % KOF
n dbkXceVime h B KO IBR b @ i be @FAQKPFp E Mm@ M BB T
" Wpes XeboYg i Tidh g at-buOFT p A HOF

Formal Addition Rule
P(A'or B) = P(A) + P(B) — P(4 and B)

B Js¢b sae + A jseb sae - a,b Wllaial sae
where P(A and B) denotes the probability that 4 and
B both occur at the same time as an outcome 1n a

trial of a procedure.
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Intuitive Addition Rule Tdind P(A or B), find the sum of the number of ways
event A can occur and the number of ways event B can ocaddjng in such
a_way that every outcome is counted only oncd?(A or B)is equal to that
sum, divided by the total nhumber of outcomes in the sample space.
®p AR Kp G i b® g AiHFpVKM Bt AgkKm X B)IOR (Ap M X JT A K
MFAAWD YUPer Bdyt b B AU TvpNBKOBF Y TB2eh CPR i be T
WX T F1 0B C b hokiepRsAfKe M FHE M@ H b

Rule of
Complementary Events

P(A) + P(A4) =1

pAy | — P
P(4) =1— P(A)

P(A) and P(A)
are disjoint

It is impossible for an event and its complement
to occur at the same time.

b el g
Disjoint or Mutually Exclusive

Events 4 and B are disjoint (or mutually exclusive)
if they cannot occur at the same time. (That is,
disjoint events do not overlap.)

) vslafl i i 2 g o [l (G flocsenss Mpassiag isaitins JT) Slaine &, Boliad
(A0 Y Wadnl] & laa¥ g o
Total Area = 1 Total Area = 1

P(A and B)

Venn Diagram for Events That Are Not Venn Diagram for Disjoint Events
Disjoint
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Venn Diagram for the
Complement of Event A

Total Area = 1

P(AorB)=P(Af) B)
P(AorB)=P(A UB)

Notation

In this section we have discussed:

E# Compound events.

E£* Formal addition rule.
£3 Intuitive addition rule.
E2 Disjoint events.

&4 Complementary events.
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" EXAMPLE ) .
FBI data show that 62.4% of murders are cleared by arrests.

We can express the probability of a murder being cleared by an arrest as
P(cleared) = 0.624. For a randomly selected murder, find P(cleared).

soLuTion S ‘
s’ Using the rule of complementary events, we get

P(cleared) = 1 — P(cleared) = 1 — 0.624 = 0.376

That is, the probability of a randomly selected murder case 7ot being cleared by an
arrest is 0.376.
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4 Section 44 Multiplication Rule: Basics

x Key Concept
The basic multiplication rule is used for finding P(A and B), the
probability that event A occurs in a first trial and event B occurs ina
second trial.
ntowe e B A b B B B)vP (b F tyT bR G BH-& F pie hTh F
"WTwker KFr BBp GPE T ™M
If the outcome of the first event A somehow affects the probability
of the second event B, itis important to adjushda probability of B to
reflect the occurrence of event A.
a n g Ok x B I OMENHIKE M W3 TppXAKIY G B aylORi X kM w
'A.2 b UHAM, s /Bl 1O BAKCYRO
x Notation

P(A and B) = P(event A occurs in a first amal event B occurs in a second
trial)

x Tree Diagrams
A tree diagramis a picture of the possible outcomes of a procedure,
shown as line segments emanating from one starting point. These
diagrams are sometimes helpful in detemnmg the number of possible
outcomes in a sample space, if the number of possibilities is not too
large.

® bl AR HIY Y XADSK B KQFANMBF B b F B M@ & € @ Hip et
pkon FFM @ x F EHFH B 6 < B HOPBRF b § K BJp c B A A MYDFE F v
“F dlyp @ BHOF BHc b F

@SB e Lay ) Jlaial

Tree Diagrams
Uas / e Jlseall daiall milinll a8yl 1ia asly
aaie e LLERY ! 15 4ol
This figure summarizes
the possible outcomes
for a true/false question
followed
by a multiple choice
question.

o

Note that there are 10
possible combinations.
Aall ladsalt 10 ellza 51 laay

F

panTaosan ool

Js¥! ela¥ ! Jllal

cha¥) Jlaadl casls g5l ggee L2V
Sl ey Jlaial ualic S, Jg¥! 2 >
A Js¥! elay !l ¥ laial ot Jsl daas
OFY Ldans Lajialic sie oyudiy oslill
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Conditional ProbabilityKey Pointimportant
We must adjust the probability of the second event to reflect the
outcome of the first event.E b Jt bxHR I DBARRYBKMT 1AHKT TopARRSY
bmMgp clOF b Xx

Conditional Probability Important Principle a F k.  YQF3 8b F AMcIFB
The probability for the second event B should take into account the
fact that the first event A has already occurréd.c x g i (OFMFHE bc F

"b 120 ¢ 'bY¥iMY p H BH K HAMOHMN™ X T

Notation for Conditional Probability
P(B|A) represents the probability of event B occurring after it is
assumed that event A has already occurr@edNB | R . p ! | &
I @€ 0

Dependent and Independerit pe b/1B "pT7T O ™MF pBbh/lB
Two events A and B anedependent if the occurrence of one does
not affect the probability of the occurrence of the other. (Several
events are similarly independent if the occurrence of any does not
affect the probabilities of the occurrence of the others.If A and B
are not independent, they are said to bependent
SF pm FoolKapM H m enHAKEBWD ¢1iviil M x b biFB g F X p ¢
br UgAUY KA FFBm MEAE M F B BEEHTVI M o, i & YeHXTBBHOF
LT YK TAPRKET
x Dependent Events
Two events are dependent if the occurrence of one of them affects
the probability of the occurrence of the other, but this does not
necessarily mean that one of the events iscause of the other.
A Yo M pCY@IFT B Kb FOm s/iqwib, M Bn HAKEFYsr k/pvciMEI @b 15 b ¢
‘PO pPWMBFpgdE pcFMm
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x Intuitive Multiplication Rule
When finding the probability that event A occurs in otral and
event B occurs in the next trial, multiply the probability of event A
by the probability of event B, but be sure that the probability of
event B takes into account the previous occurrence of eventCA. K
_ W ARHAF®E SO WOwy B @ 1B jF'@ C ja Bk rnadgkR ¥ /1 FOF
NH B mragfcyBTs F re bl avie C jVHE, m resBYeFC jbORFupYcKRF Ll B
'Y3 CHXOD o It i 1O WVisBY @ C | 1OF

Formal Applying the
Multiplication Rule Multiplication Rule

iadacldll suaiul A & B dependent events (S il
P(A and B) = P(A) * P(B|A) —1_

Multiplication rule

Note that if A and B are independent
events, P(B[A) is really the same as

Are
E(g)_ S gl auais Independent oS 1l /" Aand B \Yes

<~ independent

PAand B) = PIA) - P(B) |

P(Ad B)= P(&) «P(B) iN°-'-"*'~F<~J.m~7{‘

skl cnagslal | o s PlAand B) = PA) - PBI A
B J! ;aa¥! aall Las syEsy)

ONote

Applying the
Multiplication Rule
pCola)=eCW

| il aad B

P(A and B) E

Multiplication rule

A

. Yes A A’:N No —
P(A and B) = P(A) - P(B) ﬂ o o m

independent = P(A and B) = P(A) - P(B| A)
?

Be sure to find the probability of
event B by assuming that
event A has already occurred.
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x Caution
When applying themultiplication rule, always consider whether the events are
independent or dependent, and adjust the calculations accordinghjp X 7 B A K

LU HGMHDE VD A RO BOM T pwRDK Y [B DY i B B 67 K0 p Y HOF

x  Multiplication Rule for Several Events
In general, the probability of any sequence of independent events is simply the
product of their corresponding probabilities

W A FHrusf b EF W MK DK b TorEPis PpfFIsFbED) @ b K

x Treating Dependent Events as Independent

Some calculations are cumbersome, but they can be made manageable by using
the common practice of treating events as independent when small samples are
drawn from largepopulations. In such cases, it is rare to select the same item
twice.

Wt OFWIBXup/HCEFIOBHRRE B FOIR TG g HFL B U b HE/13 fkO & HOF

b XBln F W OP20RKaYp THFHrT/VER BB b H K T p M¥IERF b x & F

0 T i g/ BokpiQFp j & IOFL p &1K0F

x The 5% Guideline for Cumbersome Calculations
If a sample size is no more than 5% of the size of the population, treat the
selections as being independent (even if telections are made without
replacement, so they are technically dependent).
FaBMyc' dxb B DH &b IOF b abim@p A 1 THayx a TAGFB o
"LuT Ay JineedOFe RCTIOET Hp IDf BHbEFT b ¢ bfOF

x  Principle of Redundancy
One design feature contributing to reliability is the use of redundancy, whereby
critical components are duplicated so that if one fails, the other will work. For
example, singleengine aircraftnow have two independent electrical systems so
that if one electrical system fails, the other can continue to work so that the
engine does not failp b X Fl OBl _cp F » st wvpB e F BBl B
A F BOFGEPAr plE@ Ce=Up G b AXTERIEIK B PIm > ) Fpie IFTRIlw @B HF ¢ HOF
Up clsll@fibbies £ B o Hbe T @ FypccC va ¢ A KB o y 3 HiyTH@ o5 p nfb 10
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Summary of Fundamentals

+2* In the addition rule, the word “or” in P(4 or B)
suggests addition. Add P(A4) and P(B), being
careful to add in such a way that every outcome

is counted only once.
Py P (A) Gila] .gandl o1l 585 (B i A) P o "51" LS )i« gand) Bacli s
s Baaly 8 ye olawa ol ot JS T A8 yhall 0 Jie (b8 Bils] (e yayally (B)
+¢* In the multiplication rule, the word “and” in
P(A4 and B) suggests multiplication. Multiply
P(A4) and P(B), but be sure that the probability
of event B takes into account the previous
occurrence of event 4

Ky P (B)s P (A) Gelasi .yl () 03 (B 5 A) P g 5" Lal syl 8ue i b
A saall e salidl Egan HLbe¥ ] ey JAL B Saall ¢ g8 Jlaial o wad el ¥ Les

Recap

In this section we have discussed:

+* Notation for P(4 and B).

+;* Tree diagrams.

+* Notation for conditional probability.
+¢* Independent events.

+%* Formal and intuitive multiplication rules.
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NIFpIOF ahuydale

Quality Control in Manufacturing Pacemakers are im-

planted in patients for the purpose of stimulating pulse rate when the heart cannot
do it alone. Each year, there are more than 250,000 pacemakers implanted in the
United States. Unfortunacely, pacemakers sometimes fail, bur the failure rarte is
low, such as 0.0014 per year (based on dara from “Pacemaker and ICD Generator
Malfunctions,” by Maisel, et al., Journal of the American Medical Association, Vol. 295,
No. 16). We will consider a small sample of five pacemakers, including three that
are good (denoted here by G) and two that are defective (denoted here by D). A
medical researcher wants to randomly select two of the pacemakers for further ex-
perimentation. Find the probability that the first selected pacemaker is good (G) and
the second pacemaker is also good (G). Use each of the following assumptions.

a. Assume that the two random selections are made with replacement, so that the
first selected pacemaker is replaced before the second selection is made.

b. Assume that the two random selections are made without replacement, so that
the first selected pacemaker is not replaced before the second selection is made.

SOLUTION
Before proceeding, it would be helpful to visualize the three good

pacemakers and the two defective pacemakers in a way that provides us with greater
clarity, as shown below.

G G G D D

a. If the two pacemakers are randomly selected with replacement, the two selections
are independent because the second event is not affected by the first outcome. In
each of the two selections there are three good (G) pacemakers and two thart are
defecrive (D), so we gert

3

P(first pacemaker is G and second pacemaker is G) = =

3
5

. If the two pacemakers are randomly selected without replacement, the two selec-
tions are dependent because the probability of the second event is affected by the
first outcome. In the first selection, three of the five pacemakers are good (G). Af-
ter selecting a good pacemaker on the first selection, we are left with four pace-
makers including two thar are good. We therefore get

2 6
— = —or0.3

3
P(first pacemaker is G and second pacemaker is G) = — * — = -
5 4 20
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+ Section 45 Multiplication Rule: Complements and Conditional Probability

x Key Concept
t NPolFoAtAGeE 2F al i f SIad 2y SeéY
Find the probability that among several trials, we gat least oneof some
specified event.
A b Limy FKe F S Hhe 10B [ bty HRFm RIFY £ enbigkR X 1B BOIE Ak b B b c F
“.Ubc BOPK 4B
Conditional probability:
Find the probability of an event when we have additional information that some
other event has alreacvly occurred.
S F bK I Br & K T3 Yeum Rofiverd® B jx &1Haf, M BnHe & 3@ b fOF b'c b F
'‘b/NTAOPBp> yF
x [ 2YLX SYSyiday ¢ KS t N2olFoAtAGE 27F atl
T a!d tSHai 2y S¢ Aa 'Sljx Ve if F Sy ARy a 2
1 The complement of getting at least one item of a particular type is that you
get noitems of that type.

Conditional Probability Finding the Probability
A| conditional probability of an event is a . Of AL [east One”

nfobability obtained with the additional information
tllat some other event has already occurred. P(B|A)
dgnotes the conditional probability of event B

dpcurring, given that event 4 has already occurred, To find the probability of at least one of

apd it can be found by dividing the probability of ; R
afents A and B both occurring by the probability of something, calculate the probability of none,

e LalSs i then subtract that result from 1. That 1s,
: PCande)= M. o il ot it o N e gl Jlital e el
PCA)- P(%g 1_,AMIJLCJLI
P(A and B)

P(4) P(at least one) = 1 — P(none).

P(B W)=

x Intuitive Approach to Conditional Probability
The conditional probability of B given A can be found by assuming that eyent
has occurred, and then calculating the probability that event B will occur.
2p cufFFRMFCERE B. M3 A8 b O phApkv B/biF BiAn E Apb fOFbhc b F
'B.3 b & HIK
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Confusion of the Inverse

To incorrectly believe that P(4|B) and P(B|A) are
the same, or to incorrectly use one value for the

other, is often called confusion of the inverse.
28 Bl Tagd 2 1BTY of o Lpaui oa P (B A)y P (A1 B) o prasnua b alize!

P(RIA) Z PCAIB)

Recap

In this section we have discussed:
+» Concept of “at least one.”
+%* Conditional probability.

+¢+ Intuitive approach to conditional
probability.

Omitting sec 6,7,8 .. End ohapter 4
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EBF 3 IOF

m Defective Firestone Tires Assume that the probability

of a defective Firestone tire is 0.0003 (based on data from Westgard QC). If the
recail outlet CarStuff buys 100 Firestone tires, find the probability that they ger ac
least 1 that is defective. If that probability is high enough, plans must be made o
handle defective tires returned by consumers. Should they make those plans?

SOLUTION
y

Step 1: Use a symbol to represent the event desired. In this case, let A = at least

| of the 100 tires is defective.
Step 2: Identify che event that is the complement of A.

A = not getting ac least 1 defective tire among 100 tires
= all 100 tires are good

= good and good and . . . and good (100 times)
Step 3: Find the probability of the complement.
P(A) = 0.9997+0.9997 +0.9997 + - - -+ 0.9997 (100 factors)
= 0.9997'" = 0.9704
Step 4: Find P(A) by evaluating 1 — P(A).
P(A) =1 - P(A) =1 - 0.9704 = 0.0296

. INTERPRETATION . b - v
There is a 0.0296 probability of at least 1 defective tire

among the 100 tires. Because this probability is so low, it is not necessary to make
plans for dealing with defective tires recurned by consumers.
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* Examples

Example 7.1
Consider the experiment of rolling a fair die once.

a) What is the probability of getting a SIX on one throw?

Solution

Let 4 be the event of getting a SIX on one throw. The sample space is
5 =1{1.23.456} and n(4)=1. Hence,

P(4)== :

b) What is the probability of getting an even number?
Solution

Define A to be the event of obtaining an even number. The even numbers are
2. 4, and 6, therefore. n(4)=3.

pla)=")_3_45
N 6

Example 7.2
A pair of coin is tossed once.

a) What is the probability of getting one HEAD (H) only?

Solution
S= {(‘HH J(H#T).(77).(7H )} The sample space has four elements. N=4.

Define A4 to be the event of getting one H only. Since there are only two
instances when H appears once. n(4)=2.
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b) What is the probability of getting at least one TAIL (T)?

Solution

Define A4 to be the event of getting at least one T. “At least one T means
one T or two Ts. Getting back at the sample space we see that n(4)=3.

Relative Frequency Method

Other books call relative frequency method as the empirical or a posteriori probability. If

A 1s the event being investigated. and N is the number of times the experiment is repeated
then

P(4)= n(4)

J
4

n(A4) is the number of times event 4 occurred.

Example 7.3

Consider a teacher who asks his students to think of a number from among 1. 2. 3.

4. 5. Students wrote down the number on a piece of paper and the table below
shows the results.

Number Frequency

1
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7.3 FUNDAMENTAL RULES OF PROBABILITY

Addition Rule
If A4 and B are any two events then P(4\B)=P(4)+P(B)-P(4B)

Example 7.9

Consider the experiment of drawing a card on a deck of 52 playing cards. What is
the probability of drawing a red card or a face card?

P(4uB)=P(4)+P(B)-P(4NB)

_26,12 6 _32

= + = =
2 52 52 52

8

13

Addition Rule Mutually Exclusive Events

If A and B are any two mutually exclusive events then P(4B)=P(4)+ P(B)

Example 7.10

What is the probability of drawing a king of heart or a queen of spades.

P(4UB)=P(4)+ P(B)
1 1 2

=—+
5¢ 52 52

P(A4 \_)B)=i
26
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Example 7.11

What is the probability of drawing a card numbered 8 or black card?

P(4UB)=P(4)+P(B)-—P(4nB)

4 26 2
— + -

52 52 52
_28

52

P4UB)= 14726
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Relapse

Researchers randomly assigned 72 chronic users of cocaine into three
groups: desipramine (antidepressant), lithium (standard treatment for
cocaine) and placebo. Results of the study are summarized below.

asaiallly ((QLESI) trelyascns tolesane &M (] GRS o (rote 72 (oSlguiie S,

no
relapse relapse | total
desipramine 10 14 24
lithium 18 6 24
placebo 20 4 24
total 48 24 72

http.//’www.oswego.edu/~srp/stats/2_way tbl_I.htm

Marginal probability

What is the probability that a patient relapsed?
SoSul pan bl T Jlais) ga L

no
relapse relapse | total
desipramine 10 14 24
lithium 18 6 24
placebo 20 4 24

total @ 24 @

P(relapsed) =48 /72 ~0.67




Joint probability

What is the probability that a patient received the antidepressant

(desipramine) and relapsed?
Cu.us_ub (%MJ) UEC\S)U salall d\sﬁ um',ll ugl JLAC»A| LY. Ls

relapse

no
relapse

tota

desipramine

lithium
placebo

(o)
18
20

14
6
4

24
24
i

total

48

24

(72)

P(relapsed and desipramine) = 10/ 72 ~ 0.14

Conditional probability

The conditional probability of the outcome of interest A given condition
B is calculated as B dlat Llss A J 355011 @il ooyl Jlaia¥ ] Glua o

P(A|B) =

P(A an
P(B)

d B)

relapse

no
relapse

total

desipramine
lithium
placebo

10
18
20

14
6
4

24
24
24

total

48

24

72

P(

relapse|desipramine)
P(relapse and desipramine)

P(desipramine)
10/72

24/72
10

" 24
=042




Conditional probability (cont.)

¢ gl agiT Jlaial 98 Lo (o lymews) SLEOU slids (80 Gau Ll 5T yas BS T3]
If we know that a patient received the antidepressant (desipramine),

what is the probability that they relapsed?

no

retapse—relapse_

@ipramine

10

14

lithium
placebo

18
20

6
4

total

48

24

P(relapse | desipramine) = 10 /24 ~ 0.42

Conditional probability (cont.)

If we know that a patient received the antidepressant (desipramine),
what is the probability that they relapsed?

no

relapse

relapse

desipramine
lithium
placebo

10
18
20

14
6
4

total

48

24

P(relapse | desipramine) = 10 /24 ~ 0.42
P(relapse | lithium) = 18 /24 ~0.75

P(relapse | placebo) =20/24 ~0.83




Conditional probability (cont.)

If we know that a patient relapsed, what is the probability that they
received the antidepressant (desipramine)?

no
relapse\ relapse

desipramine 10 14
lithium 18 6

placebo 20 4

total \ \_Ay 24

P(desipramine | relapse) = 10 /48 ~ 0.21

P(lithium | relapse) = 18 / 48 ~0.38

P(placebo | relapse) =20/ 48 ~0.42

General multiplication rule

e FEarlier we saw that if two events are independent, their joint
probability is simply the product of their probabilities. If the events
are not believed to be independent, the joint probability is

calculated slightly differently.
O ldgan e laial @ G dalowy ga dyiall Jlial  independent sa (fiaa 1] 41 Gl L,
Slals Calin, Yo o iall Jlaad ! Glua a3 independent ;5Ss o &laa¥l ol atiay o o

e [f A and B represent two outcomes or events, then

- on xSl S5 B 5 A 13
P(Aand B) = P(A| B) x P(B) 010

Note that this formula i1s simply the conditional probability formula,
rearranged. Ly gl Jlaia¥ | Buas syae on Dl sia o) Loy

It 1s useful to think of A as the outcome of interest and B as the
condition. .L,iS By suude daa€ A b K& o7 wdll oy




Independence and
conditional probabilities

Consider the following (hypothetical) distribution of gender and major of
students in an introductory statistics class:

Lagaill Slelan] 36 (o oMall Gaaiiy puiall oo I auysill (Ll jisl) o6 il
social  non-social
science science total

female 30 20 50

male 30 20 50

total 60 40 100
= LeliaY| aglall Laadd 5 Lilgdie o)lisl o3 QLA of Jlaial : _
e The probability that a rmj;mfy selected student is a social science
major is 60/ 100 = 0.6.

® The probability that a randomly selected student is a social science major given that they are female is
=T il 5% byt GeLain ¥ psle demnatyy Lilsatie o5baal o3 LI G JLaial
30/50=0.6.

e Since P(SS | M) also equals 0.6, major of students in this class does
not depend on their gender: P(SS | F) = P(SS).

Independence and
conditional probabilities (cont.)

Generically, if P(A | B) = P(A) then the events A and B are said to be
independent.

e Conceptually: Giving B doesn’t tell us anything about A.

e Mathematically: We know that if events A and B are independent,
P(A and B) = P(A) x P(B). Then,

P(A and B) _ P(A) x P(B)

PAIB) = =55 P(B)

= P(A)




Probability Trees

You have 100 emails in your inbox: 60 are spam,
40 are not. Of the 60 spam emails, 35 contain the
word “free”. Of the rest, 3 contain the word “free”.
If an email contains the word “free”, what is the
probability that it is spam?

spam ( »
............ spam and' f

60
<no free. 25 | spam and no “free”

ol @ spam anc‘fie‘g)

37| not spam and no “free"

P(Spam | * free")

As of 2009, Swaziland had the highest HIV prevalence in the world.
25.9% of this country's population is infected with HIV. The ELISA
test is one of the first and most accurate tests for HIV. For those
who carry HIV, the ELISA test is 99.7% accurate. For those who do
not carry HIV, the test is 92.6% accurate. If an individual from

Swaziland has tested positive, what is the probability that he carries
HIV?

AHIV) = 0.259

A= | no HIV) = 0.92¢4

Zree di. agram /

R’%/I\//H
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P{Y/f»/) x A+ | V/I‘V'A) = f‘(»’/fy‘/ana' +)
—p 0.259 X 0997 0;?_58)*

ATV and -)
—p 0.259 X 0.003 = 0-000%
A7/ |+ = AL and +)
A +)
e i s

| — 0.92¢ 0.2582 + 0.054%

47 = 0074 —3p 0741 x 0.074 =(Q-0548)
2 Ano WL/ and +)

—P 0.249l X 0.926 = 0-656=2
Ano HIV and -)

3y el e L) el g b damg G JLaind 58 Lo oulaal e HLEAT @iy S35 lsen (o padad dJlia oS 1)
If an individual from Swaziland has tested positive, what is the probability that he carries HIV?
P(HIV | +) = 0.82
Ayl el Gl g a8 Jang Do Tl ool agntl5 a5 lgen (p0 3,8 /82 Loy Jlia :
There is an 82% chance that an indivndualﬁm Swaziland who has tested positive actually carries
HIV.
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