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OMPUTING ELGENVALGES AND ELGENVECTORS
Cur mexk cb;'t.:.h've s to ah:hu'n. o taq.m:mﬂ Fvucadkme. -gw S'inn\-"nﬂ &la-qulda-v.\ anal
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Example @  Eigenvalues of a axa Mabin s
find the Eigovalues of Hhe mabi , A = |0 ].
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Example @ Gigonveles of an Vppur Trimngudar Mebix g o o i
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M X is an eiawv&.z <r[L malrin A .
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FINDENG EIGENVECTORS AND BARES foR EIGENSPACES -
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3)+x1) =0 Bo as Examble @ .
3 2= 3,21 (e distinct eigowalies)
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Eample @ & tors and Besea ) [Z'S
| grvectors Jov_Eigunshacea
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YOWERS OF A MATREIX | Once 'Eu.eiawmlum anel eigenvectors o} o makix A are
5-%4\,\‘1- i a simple mabler fo {ind M etguoalues ard elgeuvectons of any pesikive.
inhﬂu}wudf—/'\l |
Fcrezqm‘;lo_,rf—)\ ismen'gmwluaof- A awd X kquhﬂdawml'w,m
Ax = A(Ax) = ADx) = AAX) = AR = Ax
which plaos Hat X B a.ue.ianwa.lu_rfL A and Xt X 35 qmwm}:andiﬁeiam}w.
hawﬂ,m‘ﬁmﬁm%haww&k —
THeReM@ # k s o pesibive ineger, 2 35w efguaalie o o maix A and x S a
cm*.dauazdw,ﬂm)l‘mmeiawﬁh@a}/ﬁkwx s aam}.ejac_wedor-
F_—"-“""'H‘- Prwes of a Pavix

B Bavple ©, e e Bak the elgesavbies o e mabin A__F 3 "TJ

< T
cre A=2 awd A= 1.

/50 *Mrkmm@,bb& p Y 2?=-l«28 omad ):\Tz\ are uamwuhuﬁf- A?.
We aho slaed Huak {_L] k{?J om.e.t‘aeu»ulwsdf»f\ corresp. o )=2
0

|
Swﬂnﬂﬁ,m eigonvector [.TT:;-A Covresd. ko M ela.wmpn. A=) s

also an i eclqu’LA? '. "I?-"F

i c»oma*mdmd ko A=) =1,
ELGENVALUES AND INVERTLBLLITY | The yexck Hheovem eaabishes o veladimads b
betueen ea‘gw»dm amd the iWh]ol'j-i% o{- a mabix .
ThEoReM (5) A rpove matrix. A s Dnverkble fH)\:o \‘shhtaheiaanmﬂu.of-A.
Cumle @ Sponas ard buasbbily

e madvin A i Bxample @ s Dwerbible since ik'ﬁMe&gWaM )\:\-‘?\)zz,mzl&ucf-
whick. is 200, We o Has cw.o.u.h{m\sn/ol«.m'ma-ﬂut det(A) + 0.




SEC (2 DIAGONALLZATION r-a/—‘(

In Ads Seckion , we will be concerned wikh :Bu]rraLQMa{--f(nA'rna O\Mf"fﬂh
that comaists df--ﬂ-!amy-dms of an xn makix A . Such besea canle

wad 1o atdy
gomaic peportiea - A and o Amidify Varions wumerica) compubnbions

]‘ﬁe_ MATRIX DIAGONALEZATION PRofALEM ' Guy

ko Mo thak the folloing do seomingly differeut preblems are eqavelont
Problem © Givess an nxn wabin A daea Have sk an hwexkible i P Auch Khat

FAP s diagonal |

Prellem @ Civen o1 hxn mahix A | doea A fane nﬂswlg‘rrd;'wdu.t eigenvectors |
SIMLLARITY | TRe mabrix preduck PAP i called 2 Simi T-‘rw}’armhou' e
makrix A.Suclfr@ch ave ]m‘:avl'lut M Hee absdy e]—ddeuvu}wsa(daowi@
mmu:iﬂ&eainuﬁﬂumm&mﬂaﬁwhm. J
E&'MHM TR A ad B oae

Afpare matrices , then we pay that B i3 ainaler ko A
i} Bwre & an pwerkible mabix P g Pt @ = FAP .

NOTE | Note thakit ia Aivilar 10 A, thod ks alpo bue Bak A amiler b B
We il wanelly Any thak A & B e Similar Mabricea it etfher i Aimilar 4 khe Her.

SIMILARITY INVARIANTS - Smilay msdrices e many P-n}n:hlm N comumon .

For example , it B2 FAP, Khen ik follas Huat A LB fave Khe pame delerminant
e dob(e) = dab (FAP) = deb(F') det(A) oleb(p) J

fuk b-\q'ecﬁw. in Aas Sechow is

(1

) -
i debA) det(P) = olut(A) .

(D)
In general , any That ia sbay w 1o
Dwariant oy 1A Anddl bt}:}:‘?/wim\t Wndey ;":E“Tg MT sl called a S\ijjﬂ
TABLE®  Simulaviky, Dworants -
Peperly ‘ _
;) Deferminant A and PAP “have Aswme cokeyminant .
D Iwekiblily A Dwekible # AP = Duebble
W) Rank A ad PAP tuve same Rank -
W) Nuﬂi':l A ond ﬁ‘AP fove pame NG .
V) Poce A and PAP have same Trce .
vi) dumgs\-ic A ael PAP tave Aame Charclerishic Polynowsial
vi)) Egomvalicea A o

TSIAP fare Name e.iaw&-u A
Wiil) H.)\\‘sqnuawmﬂu_d'—A avdl Ponce >
. . of PAP, Hhaw e-laeuhjxa.d-A
mmjp.bAMdaluhmo{—FAPcmm}.bAhnmmdimiaa.
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DIAGONALIZABLE | A aguave mabix A i anidl 1o e Dingonalizable. it ik is amilar
kpmdmaemﬁ walix Mn,f}ﬁ‘mem\sahhw&b!z W’F’DL‘PMM
FAP 15 diagonal In 44 core , e mahi. P 1 asid 40 Diogomalize A’

m{oﬁﬂﬁqnaﬂm&mkkd?mw®&®}wsdmm“h‘%
TesReM (D &‘Aiﬁthhme,%#Mﬁn%MmW-
) tA"TS.c>\.'v41ﬁovmn.iml;f.t..
W ‘A haa nljmvlj iw\t-ku«.olw.l' elgunvectors .
NOTE. ! ?d’tt(ii)d‘-—lﬁumn@ A espvnﬂu-k tpmg‘m.a-)dmrm % a &mfw Rh
constsling of elgunvectors o A .
PRCEDURE FOR DIAGONALIZENG A MATREX
ﬂ@%rmMMMixrsachdﬁajdhaamﬂzahth hﬁm]ﬂindlw
WM-%%bbﬁnfShﬁwnaam%edni‘ammwmagha
Khere basts vechns tnko a 4 e sk S . 4 s ek fas Jorer Bhan m vechas, Hhas,
e madri s W&Wu&

S_ht@_ﬁ’""ﬁ“mbil ?=[P| P, -- h,,] Khat Paa veckrs iy S e it ol veclws.
SO The mabin PAP will Je diagmal andl have the eigemnalien M, 5, - Ay,
cm'eo\amdma bt cigpmvectrs pp - -, b, % ixs Auccersive diagonal exbriea.
Eum);le.CD F‘lndinﬂ a Matix P sk 'D‘nﬂomhm a Malix iA’

Find & mabix P Mdiadmﬂimﬁu.mdﬂx A= ? 2_ -2{]-

-
.§‘J'_“_'. IJ\EXAMW@‘FSGCHM@,MM md&w&ma‘f-/\ e A=l,2,2
G-hﬂ\wc'fvuaalﬂq.fnm“: Mfwomum~'_
e hﬂ’ b (1]

at -

Mm&-ﬁ\ in 5 i - ¥ ! '
vee banis veclors in iokal b0 He mahix P__[? é :Jdmﬂmuhuﬁ
M a check , ve can verify Hat

Gl )} o0 2 6 o =~-21[-\ o -2
PAP=| 1+ 1+ )2y o 1 |
-1 0 = ) 0 A 1o

:[ 2 2] , Etﬁumﬁuwo%Aﬂ“mtk‘dhﬂ'"‘j'

oOoPM




Examble @ A Makrix. That s vok Digenalizable
FMawMi?ﬁnbolhﬂmnﬂimmme A:[‘l :_ g:} :
Y 2
Sab: e Chwackerishic g1 of mabin A s
det ()\.L-A) =0

> 0 o \ o ©
dak & = ol _ ) - o -«
([o o )} [‘3 S LJ)

Pl o o
- =2 (o) = 0

3 -5 a2

= OG-)G-2)(r2) =0
Yhua |, Xhe Jushnet uawqjk@ c{- mabix A are A=) oard N=2 |

By Sefy., x._._Y;;] ® on egmecor of A X B & nmcbivial snkubion of

ok

the egu. (A1-A)x =0

l.c‘- 3 A"'I (@] ° X, o
- A~2 v} X, - [O P CD
& = A~2 Xy "




; me\va'hdm-a erv,.qhm are

A +X = O P U
":_'*‘Jg"s: o W
s ’ﬁ""’ﬁ W X‘ T -% S
f i -
anhw.c’rw Corres o A=) oS
™ Ls 8
= | W = L = & lad
Ry -8 =
£ \

)

Umibadsy , we can alow Kk

Xg} S & bauns -gvr"du- uams}«cz. cm‘wn&ra o =2

|

Thas, F&i] s th%wkk:uﬁu«*u_ mm}:om\inab)\zl

Since. Ha mapix A ™ a 3x3 mabix  awd 'Jda.nm-ocon)d-\uo&wum}ws
in dokad | 50 mabix A mmkclindomlin!.h.
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TREOREM @ 4 Vi, V,, - -,V ove eigmvechrs o o wadix A cn'mo\aanalma ko
iskinct e}ae/wuleA e V.V, ,- -V} TS a LWLJ rdqm.olwl- nmk.

THeorem @ ﬂ- an mxn mai A haa n dsskinck uamv%,‘ﬂun A Qhaaﬁpaaa&
Euamble ©  Diagonalizabilily o} Tiangular Matricea

Fem a Theovem a‘—Stc.@ W‘LWM ﬁu.e»awM o'!'&'h'nna&.ﬂa'r makrix
Qe the enbied on its main ollaamuﬂ Thua, a b’tamﬁuﬂu‘r matrix wikh diskinet endriea

on e man oLnaM ~ gaﬁam!..zgug
-1 2 4 o
&Twm}’ﬂ" Hhemain A= | o 3 7
e 8
¢ 8 B

Fas dacwo.o.ku M=, A=y, PRy , A2 (—}wr Aishinet a{amwp«m
The malin A 1 @ 4x4 mm\nx cmquna 4 olN-nm.l- e:‘a-uwalw.d
70 A &Aama&:?a!nﬁﬂ.

COMPUTING POWERS OF A MATREX * Thue are

mMany RHJJQ*IW n wlick it

bcm};-h‘hgf\]awvs o} a apave mahix A . NzwﬂMWM?AWb
b“"""ﬁ""m Mmm}"mmhmwwedbgobﬂamfmna A.
BA“N’C,M]D:}:&MABA&%E&UL nxh malix awl PWMA

=) A o ~ - 0
- PAP:[O‘ ,x,__..o}“b

& 0. -- M
.&v«"ﬂ'lh-ab}'t\(}fohd, \ + )3‘" (o) 0-1
PAR) = 1o X --.0
, ; );:. (?AP)
o =PAPPAP
FAP = o = PAIAP
M“‘%‘""'“ﬁ»ﬁknq@ﬁmi%u,ma&wh =PAP
FaAp = o B %_.__01
- o A - --0 -\
uhich e can vewrite ea A=eodd' - p |l P —0
o o. .- 'A'i.

Mm%‘k#m‘"-a lhuau\n‘mtﬁﬁ;wmf* bm?ouhw. “‘lae!*buq’
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Sec §3) COMPLEX VECTOR SPACES @

Racame the Parackesishe equ. of any Agquare mabvix can ‘have comblex adlukiona,
Hhe notions of complex eigenvalues and eigovectss avise nabanlly , even. woilin Khe coment
of malncea Wik veal endvies . In Xy Sechion , e MM&SM%H&MRPM oy
vesulbs 4o Atudyy Asmmetric wiabricea in mare olesil .

Mma{-(mn!;luhlo.’s

Recall Buat :]'- 2z a+b 3 &Ccmbﬂtx no. , Thaa
¥ Re@=2a awd Im@Z)z b are cilled Ras! Part of 2 awd i\m-ﬁimhj }wv]—of— Z, veap .
* |2 = [@2 5" % called M Modulua (er anDub.Va.'A-L)oFZ-
¥ Z= a-ib called ﬂu.CmnHtx Cmd:u&ab, o{-z.

and 27 = (a+ib) @-ib)

= a"+b°"
= |z|"
* Te angle &b in Fry. 1S called an Avgumest of z,
Re(z)= \z\mc':
fm @)= |2l S\"h#:

* Z =12l (cosdrising) 15 called Kae Palar Fovm of 2 .

COMPLEX EIGENVALUES .

e observed (ﬁm&@) Hat the Garactrishe e:va-o{-mammf XN madix A Raa
ﬂ“'{”" Ree iy - ... +Ch=0 ®
n which Hhe ighoat Per of X s o coefficiont &1

ave veal numbess. . Macever, 4 XE*LL,_ He ) | “L‘h""‘_ .
nﬂ”%—'\h’i%b%’“i‘h‘p&m&l ‘ : '; —%r dh&f“*ﬁkhcei)‘ a’—am'lAMﬁt
ﬁ“mhk&,ﬂcdnmmbh 284, e!-ﬁ.,,_m\ﬂl A= [’- =)

- &
'S M(AI—-AJ -6
A O -2 = -
M( o;\]_[s 2 )_o
-y A~

= Qr)-2) —SHx1 =0
B Awize
= wxEEi 3im3‘mmjmha-
T6 cleal itk Kas case e vesal 10 explore Ha. ok of complex vechor shoce &, veluded idens.
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VECTORS IN "y . A vechor shace in vlucl Acalas ave ollowed -kolgo.ca,,l,b‘
JEEERS N =,
vombers i3 called a Complix Vechr Space . In 1155 Seckion , we will be. omcerned

2& H—nma\zmhve.\w\‘.eau MaCman.x h‘;ﬁt\‘saw«.*

hm}hx 'HM\"M (VpV;, ,Vh) T:f-m.l'-fvaucam h‘b}&dx Cﬂdm
n-Space ard 1> dovated by " Sealars ove pahmmmu\.umap
Addlibion , Sublmckion. aud Sealay rudiiblication. ave cve. performed combonesduise

'\Tw.'kummﬁam waed

yoaplea n-lm»&m%&abw\;h bl
mwcﬂmazm,q- v,,v,f-,v,, mfm}hw i we el ’
-(vaz, = :\In) a \re.c.h:!'( n C-

awd VIV, , - Ve ik cm}mm}s.
Ssme_mm‘;ho{-mbrsm &t ind ‘ "

u:(m,—&.l,sm), Ve (B, hax ), w:(e-.\li.,s-&-ﬁl,ﬂi),

Evorg vechr in € cw e sk info Real andl Sringinary pak an -
Vl(\lpv,_,---aVn)

= (Q‘-\-LL“ 4‘:\'1:]')2, =y Qh'\"ibh)

= (G‘D“z.: --- ;a.;‘)-g-'i.(!:l,b < IR -.th)

= RW+iIn(V) , duve Re(W = (a,,4, - --,a4) 3< -B"‘(VJ'-'(!"!'!‘J"I’J
"E«.CamHaxCan&uan’u ot v Can be exremed an —

V (VIJ a.:""'Vh>
= (@ibys aidy, - - - ayeiby )

= (Q\,G\a,--'zqh) --i.(bpbz_,"') by,)
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Tn Ais Sechion , we will aloe veed o camaider matricea wiﬂ-\.combpu entriea, Ao
Hamceforhe we will call o valix. Ao Read Malvix F iks erdviea ave vegpired % be veal
MMMMQCDMMH&Wfof&SMFMG&&M b.\aecgm‘,ﬂumm!pus
ﬁzabml.qtolo)auqﬁammnnfwnhmcnmjwbm hukﬁmmﬂoukd«n&zahd
au-f--b\a-fwdhba}m}zrhmofm:bm wwﬁmbﬁddlaﬂfx

- iﬁﬂnﬁiﬁm?ﬁ:ﬁmwmm)mmw\ﬂm{«mfm&w
A mmWﬁx{omdbjhhna ﬂum}.n.x%af&im in A.
Examble ©  Real andl Draginary parks. of Vecors g Mabices
bt V= (3%, -21,8) ina vechr in €2
ten  RelV) = (3,0,5)
ImVv) = (1,-2,0)
L V=0t 21,5)

ek A=[‘ﬂ "i] S & gk

4 6-21

o Rel)= () 4]
()= [, :‘1]

= . =i &
% A= [q e+z.:]
ALGEBRALC PROPERTIES of COMPLEX CONIJUGATE

in das Section. .
THEOREMD U and V are vechns in C omal # k% @ acalar, Kha

o mxk complax mabin aval B 1 a foxn comblen wachix , Khes
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THE COMPLEX EVCLIDEAN INNER PRODWKT

e follnsing definikion exbeids e vokions of dat produck ard vorm ko C".
bt-&'hih'au: ¥ u= W)Uy, =W anmd V= (V),Vy, - -, Vn) are vechns in ", Haaa

the Comlex Euclidean Evmer Product o’-u MV(ahoc.lleJcom\;hx Jokhvdud')n
a.wabu\bju.v awd i defined aa

Wv= @V +u v, + - - - - +WW,
We also define Hhe Euclidean, Nerm on ' Jo be
Wil = Jvv
=RV|+VQ7=.+ ’

i :J\v.f’-\- L R TR

e ()
As inthe veal cone , & vedtor V i3 called a Unik Veckor in " if V11 =)

and 4o vectkrs W omd V oge Aaid h:.l-e.omaaomﬂ i+ uv=o.
Example @ Compllex Buchidean Iwney Preduck avd Norm

— ©

—
- WY,

-

fmd WV, Vil LW amd IV ft"' P vedbrs U =(1rl,1,3-1) A V=(+1,2,41)

WV = (140) 040 + 1(Z) + @-1) G0

—
S

I

(\-H:)(l"i) + 21 .‘.(3_,;)(_&“") (‘: .
(\)L-(l)L+ 5 =12t #gi”

=) =lol =4 = -3.j01

and @ V.U

0+V0+1) +2(D + 41 (3-1)

0+ 0-1) +260) + 41 (3+1)

W =2t 4120 + 41> = ~24lol
Wl = Jleil+ W -

s
—

(': lasib) = &>
_,Tﬁ. )+ (0F1>) + {3 > 0¥
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Note (D Ru_.ufmsm@ Khak Jf W amd V ave calunun vechrs in R",tkmﬂu’r
dot k con be eneol an
e u'"u.v-_- wy = vy
The analaaam'?mvunﬁu n " are
uv = uTV = vu
NTED  Examble @ voveals @ msgor difforece bohoran e dat preducck o R
ongd ﬁ\zcam‘:ﬁq ook Pmel«ck on M.
for B dak chl«c»l' on Rh, we J.uur\ fove ViU = uv (SHMMFHU'ﬁ)
Mievm@m}&xdakw,ﬁm@m}ndmawbm Fiven by
WVz= Vu , whick s called ks A*HWWH
THEREMNB) B W,V and W wve veshors in and it kS o ackr, Hew e
Comblex m&&miwwﬂmﬂ*fdﬁnl hea —
(I uv= vu [Antizyrmetry 4]
W WA+W) = UV -+ UMW [ Dishibive Praburty ]
G kMv) = kw.yv [Homogeneily Proberts ]

v ukv = K(wv) [Anthomogoncity Propert; ]
W VV2o ad Viv=o H V=0 [Pakiviy Prols]

VECTOR CONCEPTS SN ¢ Excepk fov B wie of comblix calars, e wokions of linea
combimahion., !B:.ua iMW,W,W%, basix awd dimewnon cary over Loikeut
dwmaztoC :

Eisemvalues and &\amm\w_\mch[qnml MWWHC&A&:HJJM veal
mabfm.a;ATsmhxquuﬁ&m'P&x rbm,mmm‘,aum the
Sovackerishic esu. dit(ME-A) =0 ave callled G QjaW&LJAtf-A-ASih'ﬂ\.f_
ndcm,)u‘sqcz:kﬂudamvdu. vf—A;ﬂi\mexnham-zmmbYXin ™ nuch
dak Ax=)x. Much X 15 callesl o Complex Rigomvecor of A comebmding o ).
Thcmﬂmdawedws 6‘-/" Cnm!f:mdma to ) ove K ven-zoo selikiona of Lireay
S ()\I—A)X:O ,am\-‘du/xd-af-mumdm&muamks‘nca ¢‘-Ch,

cdhdﬁm&lam%aa.rf—/\cowwnab)\,
- .

o

THESREM (@) ﬁA“MW RNJWWMKA,M\‘}XI\Q@W'
CWM,M; ixnboahdamﬁl.df-/\ aw\i'chmu%mp\in.ddzemu\w. "a




Bamble®  Comblex. Riguwalues and Eigoweckors @

Fh\ﬂ&zaamv&uwbm{aﬂ.g.dw o e ynakix A-.._EL -—i}
Sellu: Thdmachxfsbc-ﬁq)..a'{-ATS

det (AL-A) = 0
3 5]-1% 1 j=e

\)1'2. ) \ % )
-s a2

D Or26-2) - X =0

= Ay 48 =B

= Ari= 0 D azii
So the ciguanbues of A ave p=i gp=-i . Nete Bk Huse <igervalues are complon
Confugales , a4 quarawteed by Theorem (@) .

1o Jnd the elpuvects., e vk aadve the Aystem
(M\I-A)x = 0

= LRl —o0

Wikh A= U, Hhe Autom @ Secomen

2 LIR)=[

\ X Li ‘x] LO]
S s ! = R, —=>(-L R
['L_’_,L ‘ } 1 0 2 ™ (?) [
. o .
X.’ %’%l}(’;‘z] ':-[Ol ,R» R -(+DR,

o o
2 xy+(i-Lli)p=o0 —®

ek % =k Han fom () w = -’§;+J§i)t

\‘Dszkg.’«l&ua'ﬂukidu.ejams{:ammn A=l EonMmJMCam:shcf—

A m}aﬂnmAmﬂnnuJ.ﬁb%Acﬂ-tchwdw

U!lf’
ml"

Jo A= =L n ammiﬂq'rwﬂﬂ bt e work

\:Je.cauf.d%ndqbﬂaﬁ'forﬁt&cja% Shace corres FW\J-I
1 vk be @ bagts for Hrs <igenshace ;
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MEREM S 5 A TS & 232 malin with veal enkriea, theu —‘
Khe chomclerishic eqp- of A S Nfoace(A] A + deHA) = 0 amd
A hes koo diskinck veal eigowalies F Horace ()T 4 deb(a) >0
i A MMNWMWM ff- [Mw_]"_qw):a‘
(> A o toro complex confiale epenvalies | [race(h)] 4 ak(A) < O

NOTE ' fyom Aﬁa&h—q, 11' o+ bx+c = % a
the Discrimunaat Q’—l—lcu; delermines the wahuve

cr;mlfqb’c_ egi. ikl veal coefficients , thei,
e yeskx -
\ o bt [ 8=4ac J

b4ac >0 [T drkinek vead voos] =
brtac =0 [ One vepeated veal voot |

b-4ac <0 [_Tub cmauante. Praginary MS‘b.]
Examhle @ Lipoonlien o @ a2 Vehix

hmpax,mmm&m&fwmdmthqu.bgwmaMef-
(i) A-_[_ﬁ ] W A =08] i) A= |

z
Sl Gy ione a=15 %]

trace (A) = 245 = 7
et (A) = XS)=@)(1) = 12

v The. chavackerishe ﬁv,‘.of—A s N=FX 412 = O

e, (A-4)x-3) = o

= AT 4 L a=3 .
; 5
Sl.(i) e A=15 1]
bece (A) =2 o+2 = 2
der(A) = © @) - (WED =)
‘chhmdmnh‘c.ev,,.a* A

( )\L_[t\-m)]/\ + de(A)= O

XN —[trece (W] ) + der(A) = ©
=) )\L—-Z)\-t-\ = 0
=»  (-D'=0
@ A=) st only etgovabie of A with alyebvaic muliplicty 2 .
WMWMW - owr nexk veaudk , Which S concerned wilhe Hhe
egovalues of veal Aupumadne mavices , s imporkant in & wide. variely of abplicakima
THREN @ - A 1> o veal sgmmelrc wmabin , o A fas vedd cigevaies




