Mid tevm  exam

Section I
State whether the following statements are True or False.

(i)  Every system of Equations have a solution.

(ii) The Row space and Column space of matrix A have same dimension.
(iii) The Norm of a unit vector is zero.

(iv) Every linearly dependent set contains the zero vector.

(v)  An Inconsistent systemhas more than one solution.

Section II
From the following choose the correct answer:

1) The system of linear equation 4x-2y=1, 16x-8y=4, has

oo S

(a) Unique solution  (b)infinitely many solution (c¢) no solution (d)None of these

2) Ifu=(1, 1, 2) and v=(1, 0, 2) then the value of u. v is
(a)-5 (b)6 ()5 (d)4

3) The inverse of the matrix (_]3 2) =

(a)(—:/2 3/2) (b)(_lz_g (c)(_i 43) (d) None of these

-3
-1 2045 -3
: : 37201 4/, ; §
4 ) If the Rank of the given matrix A= g B AE LI 2,then Nullity (A ) is

4-9 2-4-4 7

(a)2 (b)4 (c)8 (d)None

5) If A is 3x7 matrix and B is 7x5 Matrix, then AB is
(a) 3x3 (b) 7x5 (c)3x5 (d)5x5

6) v = (—3,2,1) then the value of ||v|| is
(a/13 (b)V14 (c)14 (d)V15
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7) Which of these determinants has the value -6?

0 0 1 1 2 3
@o 2 4 ®|-1 1 1 (c)|$ ? (d)g g
3 2 1 2 4 8

8) The vectors u; = (3,—1),u; = (4,5),u3 = (—4,7) in R™ are
(a) Linearly dependent  (b) Linearly independent (c) Orthogonal (d) None

Section 111
Attempt all questions
015
1. Using row reduction to find determinant of A, where A=|3-69
261
0 1 5 3 -6 9
det(A)=|3 -6 9|=-1]10 1 5
2 6 1 2 6 1
1 -2 3
=-=3|0 1 5
2 6 1
1 -2 3
—)R3—)R3_2R1=_30 1 5
0 10 -5
1 -2 3
—R; > R;—10R,=-3|0 1 5
0 0 =55
1 -2 3
=(-3)(-55)|0 1 5
0 0 1

= (3)(-=55)(1) = 165
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2. Find a unit vector that is orthogonal to both u=(1,0,1) and v=(0,1,1).

z.u=0

(21,22,23).(1,01) =2z, * 1+ 2, *0+tz3x 1 =2, +23 - z;+2z3 =0
Z, = —23

z.v=0

(21,22,23).(0,1,1)=2; * 0+ 2z, * 1tzg x 1 =2, + 23 - z,+2z3 =0

2 Z2=723 = 7
Therefore z= (z,,z;,—2,) is orthogonal to both u and v.

3. Solve by Gaussian elimination and back-substitution

X+y+2z=9

2x+4y—-3z=1
3x+6y-52=0
1 1L 2 9
[2 4 -3 1
3 6 -5 0
1. 1 2 9
R2 = 4 RZ = 2R1 0 2 -7 _17
3 6 -5 0
L. & 2 9 ]
R3 _)R3—3R1 O 1 —7 —17
0 3 -—-11 =27
1 1 2 9 ]
Rz _r _ U
2 0 1 2 2
0 3 -11 -=-27
§ T 9
g i 7 17
R3 => R3 T 3R2 2 2
— 1 3
L 2 2
3 1 2 9
2R 0 1 & =i
: 2 2
0 0 1 3

By back-substitution:

e L B N B R T S REar .
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z=3

N 17 T _ 17 ,
—_—_— = —— —_—_—=—— =
y=32 3 2 2 Y

X+y+2z2=9-X=9-(2)-23)=1-x=1

4. Use Cramer's rule to solve

X1 + + 2x3 = 6
=3x; 4+ 4x3 + 6x3 = 30
-xy = 2x3 + 3x3 = 8
! 0 2 6 0 2 1 6 2 1 0 6
A=[-3 4 6|,4,=|30 4 6|, A4,=|-3 30 6,A3[—3 4 30}
-1 -2 3 8 -2 3 -1 8 3 -1 -2 8

4

det(A)=1|j2 g|+z|:i :

|=24+20=44

14 61080 4 as tano
det (4,) = 6|7, 3|+2|8 _2|_144 184 = 40
_ (30 6|_ -3 6], .,]-3 30| _ _
det(4) = 1[5 5| —6|7] 3|+2|7] §l=42+18+12=72
_ |4 30|, -3 4| o
det(45) = 1|2, F|+6|7] |=32+60 +6(6+4)=92+60=150
_det(4;) -40 _ -10

17 det(a) 44 11

_ det(4,) 72 _ 18
27 det(d) 44 11

_det(4;) 152 _ 38
37 det(a) 44 11

SOIUtion Mid-Term Exam Math e




(2]

Home work Assignment for Week 8
Section [

State whether the following statements are True (T) or False (F)

1-If X is an eigenvalue of a matrix 4, then the linear system (AI-A)X =0 has only the trivial
solution. F

2-If 0 is an eigenvalue of a matrix 4, then A” is singular. T
3-If 4 is diagonalizable, then there is a unique matrix P such that P’ 4 P is diagonal. F
4-If 4 is diagonalizable, then A’ is diagonalizable. T

5-Every eigenvalue of a complex symmetric matrix is real. F

6-1f 4 is a square matrix with distinct real eigenvalues, then it is possible to solve X/ =4 X by
diagonalization. T

Section 11

From the following choose the correct answer

1- The eigenvalues of the following Matrix are:

4 0 1
[—2 1 0
=2 0 1
a) 2,3 b) -1,-2,-3, c)3 d1,2,3
2- The characteristic equations of the following matrix:
10 -9
v =
a) 2—-81+8=0 b)A2-81+16=0
©)A2-21+8=0 d)A2+81-16=0
3- The matrix P that diagonalizes to 4 is ,
P [—14 12
-20 17
1 1 1 1
2) P=[§ 1] b)P=[§ O] c)P=[§ 1] d)P=[§ 1]
1 0 1 1 1 1 0 1

4- Ifu=(l, 2i, 3) and V= (4, -2i, 1+i) then u.v is
a) 1+i b) -1-i c) -1+i d) 1-i



5- Solve the system

Y}/ =Y+ Y,
Y2 = 2Y1 +3 Y2

a) Yi=c; e°X 2c,e7X, Yo=¢; X + 2c,e7X

b) Yi=cie X 2ce7X, Yo=cie X +2ce7X

¢) Yi=c e’ 2ce7X, Yo=c; e5% - 2cpe7X

d) Yi=cie™ X -2ce7*, Yy=c e X -2ce7X
Section 111

1) Find the eigenvalues of A9 for

Answer: (1/2)°,2°

2) Find the characteristic equations of the following matrices:

0 0 2 0
=11 01 0
A01—20
0 0 £ |

Answer; A+23-312-21+2=0

3) find a matrix P that diagonalizes 4, and compute P’ A P

2 D =2
A=|0 3 0
0 0 3
Answer
=% 0 1 300
P=l0 1 O|land PT4P=l0 3 0
1 00 0 0 2




4) Compute A"' for

-1 7 -1

A=| 0 1 O]

0 15 -2
—1 10237 -—-2047
Answer:[O 1 0 ‘
0 10245 -—-2048

5) Find A4, Re (A),Im(A),det(A),tr(A) for

A= [Z_Eii 1f5i]
Answer:.
A= [ZSJ:i 1 —45u]’ e g [(2) ﬂ'lm )= [:i (5)

Det (A) = 17-1, Tr (A) =1

6) Ifu=(i, 2i, 3) and V= (4, -2i, 1+i), and w=(2-i, 2i, 5+3i) k= 2i
Find (w.V) — (w.u)

Answer: -11-141i

7) (a) Solve the system

Y}/ =4Y, +Y;3
Yz/ = -2Y1 + Yz
Y5 =-2Y, +Y;

(b) Find the solution that satisfies the initial conditions y;(0) =-1, y2(0) =1, and y;(0) =0
Answer: a) Y= -c; e2X +2c3e3%, Yo=c; eX + 2c,e2X — c3e3X, Y3=2¢, e2X —¢;e3%

b) = e?X 2e3X, Y,=eX -2e%X  2e3X  Y;=-2 e2X +2¢3X






(a)

Section 1

State whether the following statements are True or False

1-The inner product operation must satisfy 2 conditions.
a- True

b- False

Answer b

2-If the columns of A are linearly independent, the the equation Ax=b has exactly one least squares solution
a-True
b-False

Answer a

3-Inainner product space (V,(.,.)) if xand y are unit vectors orthogonal to each other then ii x+y ii=2
a-True
b-False

Answer b

4-The inner product of two vectors cannot be a negative real number
a-True

b-False

Answer b

— —
5-ifwehave ¥ = (4,3)v=(3, 5]'chen [lis V2
a-True

b-False

Answer a

Section 2

1- Which of the following sets of vectors are orthogonal with respect to the Euclidean inner product on R2
a- (0,6), (7,0)

b- (3,4),(2,6)

c-(6,9),(5,2)

d- (0,0), (0,6)
Answer d

2-if "= V30, wvi=¢18 amd [av)= -9 S0 m"equal
a-9
b-5

3

Y
C- v

d-7

Answer c



3-Fin(§l the cosine of the angle, 6, between p = x - X%, and qg=2+2x+ 2x?
a_

b-3
c-6
d-9

Answer a

4-Let <u, v> be the Euclidean inner product on R2, and let
a-8
b-27
c-6
d-9

Answer b

5-A straight line is
a- y=ax+b
b-a+bx+cx2
d- a+bx+c2+dx3
d-none of the above

Answer a

Section 3

1-Compute <, v»> using the inner product on Mx;.

9 -8 -1 9
u= , V=
g 18 11

Answer

aLvw=9-(-1)+(-8)-9+9-1+18-1=-54

2- Let R3 have the Euclidean inner product. Find the cosine of the angle, 8, between ;=(-1,6,2) and >(4,3,-5)

Answer

(;‘;!
e= ||

[E

(=1)(4) +(6)(3) +(2)(-5)
V=124 (602 + (2)%(4)2+(3)2+ (-5)?




—

R- Find the leact canares solution of the linear equation <= = =,

s Bk

Answer

4-calculate (u-2v, 3u+4v)

= 3{ull? - 2(u, v} - 8jivl?
Answer

5- Apply the Gram Schmidt process to transform the basis vectors u1=(1,1,1), u2=(0,1,1), u3=(0,0,1), into a
orthogonal basis(v1,v2,v3)

Answer v1=(1,1,1), v2=(-2/3,1/3,1/3), v3=(0,-1/2,1/2)
6- Find the least squares solution of the linear equation
x1-x2=4

3x1+2x2=1

-2x1+4x2=3

7- Find the error

Answer
6-x1=17/95, x2=143/285

7-error=4556



Section 1:

State whether the following statements are True or False:

1- If a square matrix A is orthogonal, then A~T = A. True

2- If Ais a square matrix, and det(A) = 2, then A is not orthogonal. True

3- If Sis an orthogonal basis for n-dimensional inner product space V, then V is the Euclidean
inner product space. True

4- A square matrix whose rows form an orthogonal set is orthogonal . False

5- An 3 X 2 matrix A is orthogonal if ATA = |. False

6- Every orthogonal matrix is orthogonally diagonalizable. False

7- If Ais orthogonally diagonalizable, then A has real eigenvalues. True

Section 2:

Choose the correct answer:

1- One of the following matrices is positive definite:

S P B P fo 2+l o

2

If Aisasquare orthogonal symmetric matrix , then:

a- det(4) =2 b-A71.4 = A? c-tr(A) >0 d- A is not invertible

3- One of the following matrices is orthogonally diagonalizable:

a- [2 :ﬂ b[g 421 —64]

-4 6 -1



3 5 6
c- [‘11L 8 d- [7 =] 4]
3 5 0

4- One of the following quadratic forms is classified as Indefinite:

a- x.2—x,°2 b- ;2 + x> ¢ (x1 — x)? d- —x;2 — 3x,2

Section 3:

1- Determine which of the following matrices are orthogonal. For those that are orthogonal, find

the inverse.
= = 2 2
a- 12 ‘/12 2 orthogonal, the inverse is ‘_/? ‘/f
vz V2 vz VZ
3 -2 1
b- - |4 3 5]: not orthogonal.
0 0 O
=1 1 1 = WP |
V2 V6 3 N7 2
-2 1 ) ) 1 -2 1
c - 10 E B orthogonal, the inverse is - -
101 1 O T
vz V& V3 Vi V3 V3
2- Find the characteristic equation of the given symmetric matrices, and then determine the

dimension of the eigenspaces.

a- ; ﬂ :22—-51=0, A=0:0nedimensional,A =5:one dimensional.
3 5 6
b- |17 -1 4] : 3 —-271—-54=0,1=6:0ne dimensional, A = —3: two dimensional
3 5 0
1 1 1
c- (1 1 1} :A3 =312 = 0,1 = 3: one dimensional, A = 0: two dimensional .
B O T |

3- Find a matrix P that orthogonally diagonalizes A. And determine P~1A4P.

v ]



=} )

"o

Il
SIS Sl
3~ SIS

4- Express the quadratic form in the matrix notation x” Ax, where A is a symmetric matrix.

a- 3x12 + 7x22

3 011*1
1 %] [o 7] [xz] :
b— 9x12 - xzz + 4'x32 + 6x1x2 = 8x1X3 + X2X3.

9 2

_14 X1

3 -1 =
[¥1 X2 Xx3] 2 lxz].
-4 > 4|l
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Section |
State whether the following statements are True or False

1. If Ais an 3 x 5 matrix and T is a transformation defined by T(x)=Ax, then

the domain of T is R”, False
2. A linear transformation preserves the operations of vector addition and
scalar multiplication. True
3. If L is a linear operator mapping a vector space V into a vector space W,
then L(0y)=0y, . True
4. The range of L is the image of the entire vector space. True
S. If A and B are the same size and both represent the same linear operator,
they are similar. True

Section 11

From the following choose the correct answer

1. Let T be a linear transformation from R™ to R™ and let @ = 7(0) where 0 is
the zero vector in R™. Choose the correct statement
A) U is a zero vector in R™
B) ¥ is a zero vector in R™ if and only ifn <m
C) ¥ is a zero vector in R™ if and only ifn=m
D) ¥ is a zero vector in R™

2. Let A be an n xn matrix of rank m. Any matrix similar to A:

A) may have rank < n
B) may have rank > m
C) may have any rank > m and <n
D) must have rank m
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3. Determine whether the linear transformation 7 is one-to-one.
T:R" - R, n<m.

A)The answer depends upon the value of m — n

B) T'is one-to-one

C) T is not one-to-one

D)it is impossible to determine whether T is one-to-one

4. As indicated in the accompanying figure, let 7:R* — R? be the linear operator
that reflects each point about the y -axis.

AY

(X)) =t e ax

Y

Find the kernel of 7. Is T one-to-one?

A)ker(T) = {(0,y) | where y is any real number} ; T is one-to-one
B)ker(T) = {(x, 0) | where x is any real number} ; T is not one-to-one
C)ker(T) = {0} ; T is one-to-one

D)ker(T) = {0} ; T is not one-to-one

5. Find the domain and codomain of 7 o T}, and find (7, o T D1, x2).

Ti(x, y) = (2x, 4y), To(x, y) = (x —y,x + y)

A)The domain and codomain of 7, o 7} are R’ ,and (75 o T1)(xy, x3) =
(2X1 - 4X2, 2X1+ 4.7C2)

B) The domain and codomain of 7, o T; are Rz, and (7; o Ty)(x1, ;) =
(2x1 — 42, 2x1+ 4x3)

C) The domain and codomain of 75 o T are R°, and (T3 0 TY)(xy, x5) =
(2x1 — 2x,, 4x1+ 4x,)

D)The domain and codomain of 7, o 7} are Rz, and (73 o T1)(xy, x,) =
(2x1 — 2x3, 4x1+ 4x;,)
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Section 111

1. Let 7' be multiplication by the matrix 4, find the rank and nullity of 7.

-1 & -16 0 0 0

I =1 3 l =1 3
34 -4 |~0 7 -13

R(7) 1is two-dimensional, so rank(7) = 2.
ker(7) is one-dimensional, so nullity (7) = 1.

2. Consider the basis S = {v;, v,} for R?, where vi=(1,1)and v, =(1, 0), and
let T:R* — R* be the linear operator such that

T(Vl) = (19 - 4) and T(Vz) . (_ 89 1)
Find a formula for 7{(x;, x,), and use that formula to find 7(9, — 5).

Sol:

T(x1, x2) = x2T(v1) + (x1 — x2)T(v2) = x(1, — 4)+ (x; —x)(=8, 1) =
(— 8x1 + 9x, x1 — 5x7)

From this formula, we obtain 7(9, — 5) = (- 117, 34).
3. Find ker(7"), and determine whether the linear transformation 7 is one-to-one.

T(x,y)=1(x,y, 2x + 6y)

Sol:
ker(7T) = (0, 0)

So the transformation is one-to-one.
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4. Let T1:V — V be the dilation T;(v) = 2v. Find a linear operator 7»:¥ — ¥ such
that T1 o T2=Iand T2° T1 =],

Sol:

To(w) =

.

NI

5. Let T:R* — R* be multiplication by

i

Determine whether 7 has an inverse; if so, find

as

The matrix 7 has an inverse, and the standard matrix for 7~ ! is

Jeme] 2

2 5
Expressing this result in horizontal notation yields

T (1, x) = (x1 = 2x3, = 2x1 + 5x3)

6. Let 71:R* — R” and T»:R> — R? be the linear operators given by the formulas
Ti(x,y) = (x +y,x —y) and Tx(x, y) = (10x + y, x — 10y)

. T (x ), Ty ' (x ), .
Find formulas for and and (T, 0 T7) (x, ).
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Sol:

101
- o 2 2
[Tl 1} = [Ty] =
11
2 2
100 1
-1 -1 101 101
T :I = [T ] =
7 : 110
101 101

19
ny o202 202
[(Tzom ]-[Tzom ="y 3u
202 202
It follows that:
7! x Z[T_l] x _ 2 2% _ 2 2
Rk R 1 1Y 1. 1
1 _1 1,1,
5 o 2" 2
0 1 €, 1
21 {[* —[T‘l] %] | 101 101 [x] | 101 101
SR S0 VAR A A NS WS TN | B O U O
101 101 101 101
19 a9
YK =[ _1] #]_l202 202 |[%]_| 202" 202
(T3 0T1) [},D (T30 T) L,J g 1 || g "
= = ——x + ——y
202 202 2027 202

7. Let TP, — P, be the linear transformation defined by
T(ag + ayx + ax’) = (ap + a;) — (19a; + 6a,)x

Find the matrix for 7 with respect to the standard bases B = {1,x, x°} and B = {1,x}
for P,and P;.
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Sol:

The matrix for T with respect to B and B is

[7] [ [Tl g [Tla)l g [Tus)] g

BB B B
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Section (1):

State whether the following statements are True (T) or False (F)

(1)
(2)
€)
(4)
(3)

If a square matrix A has an LU-decomposition,
then A has a unique LDU-decomposition.  True
Every square matrix has an LU-decomposition.
False

If Ais an m [J n matrix, then ATAisanm 7' m
matrix False

If Ais an m [1 n matrix, then the eigenvalues of
A'A are positive real numbers. False

Every m [ n matrix has a singular value
decomposition.  True

Section (2):

Choose the correct answer from the following:

(I)  Which of the following sets of eigenvalues have a
dominant eigenvalue.

(@) {-4,-34,1} (b) {-3,-1,0, 2}

() {0,3,-3,-2} (d) {-5, 3,-2, 5}

(2) The approximation of the time required to the forward
phases of Gauss-Jordan elimination equal:

(a) 2/3n° (b) n* (c) 2n’°

(3) IfAisanm [J n matrix, then A and A'A have the same:

(@) Null space (b) row space

(d) rank (d) All of them



(4) The singular values of A=g (2)

(a) {0, 1} (b) { 2,5} (c) {2,0} 10,5}

Section(3)

(1) Find an LU-decomposition of A

[ -

Answer:




(2) Apply the power method with Euclidean scaling to
the matrix A, starting with x, and stopping at x4 .

Compare the resulting approximations to the exact
values of the dominant eigenvalue and the
corresponding unit eigenvector.

SRR

Answer:

x| 0980581 [ 098837) [ 0986797 _ [ 098715]
=1 019612 *27%| —o0.15206 | 3% | —0.16201 | *4%| —0 15977 ||
dominant eigenvalue: \ = 2 4+ m = 5.16228:.

1
dominant eigenvector: [ 3 mjl 5 [_ 0. 11 62 28]

3) Approximate the time required to execute the
forward phase of Gauss—Jordan elimination for a
system of 100,000 equations in 100,000 unknowns
using a computer that can execute 1 gigaflop per
second. Do the same for the backward phase.

Answer

Gigaflops for forward phase = 2/3 n° [ 10° =

2/3 (10°)° 1 10°=6.67 (1 10°

Gigaflops for backward phase =n? 1 10° =10's



(4) find the distinct singular values of A = ; —12

Answer:

ATA = I 2 - =32

| 0
-2 1 2 1 5

_5

0

The characteristic polynomial of ATA is Al —A) =
(- 5)°

so the eigenvalue of ATA is 2 = 5 and the singular value of A

is V5



Q 1: Choose the correct answer:

1)The point (3,0) satisfy one of the following systems:

ax+y=>5 b) 3x-y>9
Xx+2y=3 4x+5y <11

¢)12x -y =235 d)2x+y>6
3x+4y <10 3x-35y > 15

2) one of the following system is bounded:

a)y =X b)y <x+3
y > -X y <4-x
c) x>1 d) y <2x+3
y>3 y<6-x

y=2

3) the point at which f= 3x + 5y has the highest value is:
a) (0,2) b) (4,0) c)(3.,1) d) (2,5)



4) one of the following triples is the solution to the linear programming
X1+ 4x5 <4

X1 X5,%X320
Xy - Xz +3x3<5"' 1r"2*3

max 2x; +3x, +2x; subjectto {

a) (0,1,2) b) (4,0,0.5) ¢) (4,0,5) d) (1,0,1)

5) One of the following is a valid objective function for a linear
programming problem:

a) Max (5xy)
b) Min( 4x + 3y + (2/3)z)
¢) Max (5x” + 6y)
d) Min((x+Yy)/z)
6) The Slack is :
a. the difference between the left and right sides of a constraint.

b. the amount by which the left side of a < constraint is smaller
than the right side.

c. the amount by which the left side of a > constraint is larger than
the right side.

d. exist for each variable in a linear programming problem.



7) To find the optimal solution to a linear programming problem using
the graphical method

a.  find the feasible point that is the farthest away from the
origin.

b.  find the feasible point that is at the highest location.
c.  find the feasible point that is closest to the origin.
d. None.

8) Infeasibility means that the number of solutions to the linear
programming models that satisfies all constraints is:

a. at least 1.

b. 0.

. an infinite number.

d. atleast?2.

Q 2: State whether the following statements are True or
False:

1) In linear programming problems, a linear objective function that

is to be maximized or minimized. True
2) All variables in linear programming problems restricted to
nonnegative values. True

3) The maximization or minimization of a quantity is the objective
of linear programming. True



4) The following LP problem has an unbounded feasible region:

Minimize c=x—y
subjectto 4x —3y <0
x+y<10
x>0,y>0
False

5) Every minimization problem can be converted into a standard
maximization problem. False

Q3:

a)Find the maximum values of P=3x+2y subject to
x+4y <20

2x + 3y <30

x>0, y>0

Answer: (15,0)
b)Find the minimum values of C=6x+8y subject to
40x + 10y > 2400
10x + 15y > 2100
5x + 15y > 1500
x>0,y>0

Answer: (30,120).



Q4

In the following matrices, find the pivot element if simplex is not done.
Find the values of all the variables if simplex is done.

a)
X y u \ p
1 1 1 0 0 10
2 1 0 1 0 20
-3 2 0 0 1 0

Answer: Pivot on rowl column 1 or row 2 column 1(you can choose
both)

b)
X y u \% p
-1 | | 0 0 0
-2 | 0 1 0 20
-3 2 0 0 1 0
Answer:

NO SOLUTION (nothing to pivot on and there is a negative number
in the bottom row).




Q5

Solve the following system graphically:
3x+y<5

3x+y<5

y= 3.
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5. Solve the following system graphically:
-3x+y<5

3x+y<5




