SEC 311 VECTORS IN 2-SPACE, 3-SPACE , ond h-SpACE

G I s Sechon, we il inbrodince some of the basic rcleas abond Vectors
As e \amﬂrmztlwoug’ﬂ *he tert ) e Loill nee dhat Vectars omd Na#'{m‘mcfbvﬂﬁ
velated and that muck of Lingar Algebm 15 concermad Lith that velabionatip

GEOMATRIC VECTERS Engineers onol phipsicists vepresrd veckss in oo dimensions
(adeo calted 2-shace.) v in Hoee dimomsions (also colled a-space) by anews.

Tha clirechion of the avvoshend specifiea the Direction of Hhe vector and Khe Length.
F B anos specifies fha magnibde o B Veckor. Mahemakicians call these
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W
iangle Rude for Veckr Addition. — _\,,7
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ove posikimed 4o the inikial point of T3 15 ak the terminaf point of V., Khon the
w}:%sfw’ = Wea\ by ':e. om'mfmm-ﬂ;z iﬂh‘aﬁ?ﬁhﬁ'a} V 1o Hhe Rerminal

boint of 13- (See- i 6> )

NOTE | In £9.(iD, we Rave comsbructed the auma

VAR and W4V by Jhe Tﬁmﬂ&m&.m} coubuchon
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V+R = NV © W Fig i)
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SCALAR MULTLPLICATION | # V 15 a yumgero vecksr in 2-shace or 3-space and if
k 15 & nonzevo aclar, Kheon L define e Saly Produck of V by k Jp be M veckor
wﬂﬁzﬂmﬁ&ﬁ\k\ﬂmm ﬂ«df-\i'whizszo‘imﬁahkﬁ«ammﬂuk
ofv,ﬂrsmwchwz fo that it k1S -ve . 4 k=0 or V=3, Hen we define k¥ jobe 8
e adjacent .Mm%mmr_ 3
M}:m«quw‘x?ww -{'V@)—J
of ks scalhr mutiples. T furkicsdar, clseve / A
ﬂ\a.t(ui)\?‘?\mmﬂwdb\,u—\jbum 2V
SPesitely dlivecked | turefore |
CDV= =V — ®

'

X
P
z




SUMS OF THREE OR PORE VELTORS .
Vector Addibion sakizhed the Assaciabve VaurJfor Addibion that is |
T+(Va+) :(‘ﬁ-\-v)-t--\:l
A smple vy o coabick Te V4 s o Place Hhe veckrs ‘&b do tail in
Acceshion and Ka chous tae Vector fom Khe. inikial peint of T 4o Hue kerminal bk
o W (Sea Fry©). We‘Bp 15 4id’ methed also worked for four v mave veckors (Sex. 300,
T b Jo il el alao miaes ik evidusk Khat 7, V' avd W are. veskors, in 3-shace
With o Common inikiod peink , thew Tav+Tn is Yhe diagmal of Hhe barelelopibed Hhat s
Hiree. veckrs ay addfacent Aldes (Sea Ciglii)) .

VECToRS IN CO-ORDINATE SysTEMS -
5 a vecr V in 2-shace or 3-spacz is pesikiened with its inital Point ak ﬁgmfain

co-ordinakes of ifs derminal beink (6. ). e call thase coorlinsdes e Compoments of V
veladive koﬁuco—crdimhp,&hn.\,u will uxite V= (VW) tp denste o vector ¥ in
2-shace. with ompanerds (Vi,Vo), and V= (M,v,,\a) 4o duete o vecksr ¥ in Tspace
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VECTERS WHESE INITLAL PogNT IS NOT AT THE GRIGIN -
¥ TP, clomotes Hhe vecker with nitiad pank P(y;) and keminal point B0wY.), Khan

MW"{'% wc:h:'rooe.%'\wab‘j
_ﬁf’z.:' (XL“XI'B;'B') = mof-ﬁ-ﬂ-
Tt s, R compmouds of B, ave. ablnined by subbicking Khe coordi
ikial boink from Khe co-erelinaten of he derminal peink. o) RO
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= Ph= (32, 5-(1),8-4)
= ($,¢6,-12),
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Definiki afhn‘snkoswm;hkduﬂwqh&duedh-kq S o stguence of n veal
rumbers (v,v, --Vh)mo&cfmﬂ?ardudmbbhmdﬂdwizcgo:dmciﬁ

OPE-RAT.toNs oN V&LTqu IN R

Owrm_xk wve is o ahionia b
Gar {w e cher of  Addition , S&mem&w

Vectors in R" Fhskwc.v:wmolu Ma}uqbam on vectrs in R> wm'a
]wds Ve (V) anod W= (0),0,) , o

Vel = M%) + (Wi wy)

= (v,-;-w, > V,_+w,_) et 1]
KV = (ks kv ) — B
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PEYEY)
= (N')N;_) -+ (-'V“" 1_)

= (WY, W "V ) @

Mokivaked b {omuﬂu@ @, mmpmfolﬂm chffibiion, =—

D"‘f’“"bm’- 5’? = (Vh¥a,* *5 V) and W= (W, W, Nh) we Veclors M R camo) J’ k is
any /aav.ﬁqr then we olefine

V+nW = (M+wW), Vol , - - - > Vg Wiy ) —®
KV = (kv kv, - - -5 kw) —®
=V = by, =y, = =5, =u,) —~
WY = W \AH-("V)'—' (Nr'Vn WeVe, = = o WMy ) —®
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V=032 ol W (02,0) Botn fod Vil 47, 3 and V-2
Selu. We hare

e ]
VW = (1,-3,2) + (4,2,1)

—
—

(ra, 342, 249)

5 = (5,7,3)
V= Q3(-8.2) = (2,28.4)
5
. “—(-U(%z 1) = (~4,-2,-))
ool V—-.\.-A" =3 \H-(-—N)
2 (L=3%,2) + (~4,-2,-1)
= (14, -3-2,241) = Ca-5,))

THEOREM . # U,V od W are veckrs in R“,M ,"--k ad M are Acalars , Shew
) T+V= Vel

() (Bew+W= T+
(i Y+3 = 3+u
(W U+-u) =73
(v k(@+V) = U+ kV
(vi) (\R'HM) u= ka mu
(vih) k(mu) = (km)

(vi) 1R = U

LINEAR COMBLINATIONS

N

N‘SQWCWMR Ko W 1> maicl 40 be a Linear
Cambimacion. o the vectzrs. ViV, -5V, in R ik cande axprosed in the form

-
=kV+ Ve + - - - +kY
M kl)kzl" =

@
ky are scars . TRme acdars ave clfed B wefheiads Jf- Hhe Lineay
combinabon. . P\THGJQT Cane ,Whoe v=), 'Yovmﬁa @ Decomen

W= KV,

12, A linear comdynation afam'mdﬂa vector is Fuak a Amﬂqt»mﬁkﬂz of— thak vector .
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SEC 22 NeRM, DT PRADUCT amd DESTANCE IN R

4 s Sechion , we 1oL e concerned uﬁﬂxmmdfl a;m\oliskmz
as they velah fo vectors. Ue willl fivst disaws these fdeas i R omd R and then
e.x.i:w.d-ﬁ-maﬂae}sm'mﬂl:\tn e

NORM OF A VECTOR | We wnll dencte +4he

& veckor ¥ Jaythe pymbel W1
M\xmdmmwof?,ml_maﬁa v o‘r-\-{u_f“hﬂm'bdﬂ. of V.
=]
Abmaaawied in g‘a('\), 1k fcwp.,asé'-,w,., o
T::T:f' Pylhagorms that e Nom of & vector (v, 1)
)

(.ve)
oA
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IVn = [V @ T
Similadly |, for a vector (Vv vy) in &% it
followzs. foom, FH0D and kv aflications of Hhe
Theorem of Rybugoras that
NI = (o)
= (O'R)L-i' R ?)L
= (O8) +(&R) + (RP)

b 1= p=
= V+Vy+Vs

S 1Y L AV VA Ve

Mokivakzd by 4he paktern of formudas O LB, we make ﬁxz-fofﬁmna definikien, —
Definikion | ¢F V= (%, -, Vn) 1% & veckr in R hes dhe

the Lengfle a}"v’enf mmuﬂk;m,fv)

Norm of V (alao called
s olemoked by IV awal i defined by
IV = [V Vi © oy

W= (2,71,3,-) n B,
Sl

— O
Example : Find 1 novma of e vecter V= €3,2,1) in R and the vector
We_ “Rane.

MIE J =30+ @)+ (DF

= ’31-/-1-1-) = [i4
and | W)

J @ (=0 + (3 (-S)

1

Ja+1+9+25 = [23




TAEOREM 5}_\7 iS a vectsr in Rn awadl TF k is any Acalar , then
iy vl 20
(W) NV =0 iff V=0

(i) VI =Kl WV

UNET VECTORS - A vector of nofm' 1’ is called a Unik Vectsr. We can obtrim a
Lnit Vecter in a deaived clivection by cheosing any non-zevo vecksr V in that divechion
and rudtilling V by the vesreal of its . .

Fuwmb!a,f{-hﬁiscxﬁcbsro{-lm.ah\lih RLwR,-}M:‘?i.V s a Lt Vechoy
M e name divechion aa V.

More geverallsy , if ¥ is any non-ze0 vecloy in R, Hhew _u’zﬁ'ﬁ-‘\f —0

defines @ Dnit Vector in the name divechon aa V.,

TRe. process of mudipliing a vun-zer vector by the veciprecal of ks Lngle

b oblin a wyt vectsy s called mrmaﬂ.izina i
Bxample 1 Fing sthe Unit Veckor B that Ras the name divechon aa V= (2,21,

__S_qu_. The Lenghie of vecr V ix

NN = JL'-‘-)"—!- ()« (=1)*




THE STANDARD UNIT VECTORS ' |Jhey a vectangular co-srdinate apstom is inbrecucesd
i Ror B>, the wnik veclrs in B pesitive divechons of Hhe coodlinale oxes ave callerd
the Shadard Vwik Vectors .
dn R, these wiit vechrs ave ducted by 1 = (1,0) ) =(00])
andl m R3 L t:_(a,o,o), 'g_z(o,l,o), and /%z(o,on)
Everny vecky V’z(v,,v,_) m R" amd Y/’:(v,,vl,v:,_) n Rsc», ke g‘xw asr a [ingr
conbmation. o Abudard Lot veclors by Lomiting )

3 A \
V= (v,va) = v, 0,0 + (1) = Vit+Vvy

®
V= (VbM,va) = v (1,0,0) +V,(@),0) ¥ Va(0,01) = v,'i-‘-vl'jq-v_,,% —®
. LM
Movesver, we mncawapiu there i‘ﬁvnw.'lm o R by ab.}wna Abolard unt vectsrs in K

A A
™ be ¢ =20,00,--0), &=(01,0,--,0), - --, €,=(0.0,0,-,1) —G)
M which cwane , every veddor V= (V,Y, == Vy) in Rhc.n.k.bn.cx.kfwd aA
a A
V= (V],Vz,--a)\/h): V|'a|.-\-v:_az_+ - _._\_\s‘e‘h ” @

Example (Linear Gmbinakiona of Stswdard ik Veclors )
A A A A
(2,-3;") = 21"35 +'4‘l'k P ""&-M .L"‘(')ofo)) d :‘_(O,I,O) { k:(o,o,\)
4 (‘7; 3,-4,5) = 7:%, + z,le\,_-z,éé_*. g'é" . whoe QI =(,0,0,0), 3_3_-_- (e,1,0,0) ,ek.
DISTANCE IN R": 4 P, ard P ave boinks in R or R,), Hhes Hhe ﬂmatk of vecter PP,
is egual 1o B distance d Sehrean Ha pants P avd P, .
mwmm@b P‘(anﬂj);‘t‘o‘ P)_(xl)\jz.> ih Z-Swﬂ- iS
d=NARN = _/("a."lt)z; (Um9)* @
ed  The dushamce hehseei :ﬁu.ta;nb P 6s,2) enel B 004,,2) in 3-space 1S
d=IRBI = [OuX)+ (99, ) + (222, )* &
Mokivated by formulas © 8@ ; we make Hee fellrving definikion —
Definkion . 4 T =(U,ty, <+ U) omal ¥ =(Mo¥as - V) ave boinds in &', Khow 1e
doncte the distomce hebseon U avd V by d(U,V) awd define ik 40 be

d(‘a)v) = H_G"v“ = J(“l‘vi)L+ (Ll;_"vz-)l'\" = w (L\h“'v‘))z- —____—©

Eu@&: Fingl the distance behseen U= (1,3,-2,7) and V= (07,2,2) |
Sdu. TR cishuce Sehreon U amal UV is ,
d@.V) = ﬁ\—ODL-r (3= (~2-2)"% (3-2)*

= i+le+ieras

= |58 .




DOT_PRODUCT : Ouwr next egective is 4o define a waeful vauldbplication. operation.
on vectrs in R ard RS aodl Hhon extend that ehemtion %o R

Definition . 3 % ard V e vonzwo vectors in Roer K, and if 615 the angle
koo T owal ¥ » Hhew Xhu Dot Procdick (abso collied Euclidenn. Tmes Prosck) of
B oowd V is doweted by UV condl i3 defined an

& NG VI &

Since os_esx,ix-folﬁms-fm@m
) # TV >0 ,Hhen & s aak
ft)j}ﬁ.?<o,ﬂ\m91‘sohhuu
Wy H BV =0, hen 9= X .

2
Examble @ find Bue clot brecluct of Hhe Vecors alaon m @y
,_S_ﬂ_JL_“- Gveon Hat _lj\:(o,o,!) ,_\72(0.-2,1_) & B=4s
e lenghls of vechors T 2V ave
DTN = [oso+()* =1 ad NIl = | or()F (@™ =
s , fom formauda @

WY = R WV covts
= (1) (@RRE)wsas’

= 23 x4 =2
ApY




(OMPONENT fORM of THE DOT PREDUCT

.,
Defiabion | ¢4 U= (u,U,,- -, 4n) amd V=(V,V,,- -sW) are vectors in R, Thon

DOt Product (oo called Euclidean Dwer Product ) of W 2V 5 dusled by TV sl 7S
dlefined oy

TV = WV + WV, + - - - W el
N W U= (U u) awd V= (MVe) are vectors in R
o ®
a0l l‘f- U= (MU,Us) and V= (MY, Va) ave vedtons in RSJ
hm UT= v +wy, +Uv, ——B
E‘“”"Eﬁ () Com

pule e clot procct of the veckrs T= (0,0,0) awd V =(0,2,2)
(1) Clodate T for e Jalbroing vechors in R': U= (1,257 ad V=(3,74,1,0)
.._%’ (D MHere U= (0,0,1) V= (o.3:2>

' WY = @@ +@WE)+WE2d = 2

— -ty
UV = WV WV,

L Hoe V= (3,57 ad v=l3-4,1,0)

LWV = EDIE3) + () 4) +(s) (1) +(3) (0)
3-12+S y0 = -4 .

—

ALLEBRATC PROPERTLES OF THe DOT PRODUCT

1]

im-ﬂ\ns.\ndap case Whoe U=V in above Definikion , we oblain
— =

7 kS
Ny V|+V3_+ “-"\'V:

= NV
e, 1V =40V V)
TR gields He formuda fov exprenmy the fogthe of o vecker inema of olak product.
Dok Producks hare many o}mma%emwb'% q,n}vra:lur.k#'mdhum
MEREM . 14 T, T 2 W are vectors in R, §ad i & s a Acshr, Y
ORVRVERRVAT (Symmehy Preberly )
W (Divbibadive Preberty )




&?—ﬁ_\?wﬁ we \ectors M R, aud i k is a sk , then
() 3. = V,8 =0
v (m—v)-\:\ WU+ Vi
M) BV-W) = WV Ui W
v @)W =2 LR-V W
W k@) = Uk

f-_mm}.lt. (oﬂwln.hnﬁ with Dot Products)'- Calulale (U-27), GB+4 V)
Saly.

(G-29). 3u+q V)

—

T, @U+4V) - 2V, GT+4V)

3(u )+ A(u.v) BAAH u) 08(_\'/,\/)
alan = 2(3.9) o -g\1 Vi1

i A




SEC 23 RTHIGONALITY

I Ahis Sechon , e Lill fcr_ws on khe noheon c‘f (}oa]nndmaﬂmla g Pu{awdichnﬂ
vectrs in R play an imparkaunt vele in o woicle variely of applicakions .

ORMOGONAL VECTORS | Recall from the previous Sachion Fhat Hu angle © behoeen
oo non-zero veckys W opd V i Q1 s dafined by the formula

G = coi -.-—-—-a' v
nan W)

W fellaos fom ts Bt o= & HEV= 0. Tha, e make the follasmg Stfinikin

Befiwkion. | Tom nen-z00 vectors T ard ¥ in & ave aaid o e COr

oY
Fetwa«ﬂw l'f.\-}y.\V:O.NeqhoaamM mwdwinﬂh\‘&&waamaﬂb
every veckr in R .

A new-em Aot o nad act i od2 bas
of-cb:b'mk t%]m,;j::gi mR\‘SCnQQeolMOfﬂoao it ol bass

An obhogonal sk of wnit vechors 15 callles] o Ortamarmal ack .
Eﬁ’& (D Shows Hhat _"-*:(-2»3,\.1-') M'\-J'z(\.z,o,n\) are or vectors m R .

() Shos thak M pet S :_5_?,,3,/{1_?! of Aandavel unit vectors s an mw
Aek n R3
_34“_' () e T,V = -2.3,1,4), (1, 2,0,-1)
=€) +(@) @) +0)(0) +(4)(=1)
= =2+6+0-4 =0
() We aer S 281,9,%3 ill e Orthogmal if oll fpaivs of dlistinct veckers
MC}rH«E@MMB )},’d\:/;./\k:a\% o)
A
Newor Lo

= (1,o,0),(0,1,0)
=) +©W+)e) =o
3?_?(: (1,0,0),(0,0,1)
=M +WE)+@AU) = o
A 1k = (000> (00,
=@+ Me)+©edX1) = o
Hoce, dhe ek S ={1,1%% Ovthogomal .

<>
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LINES AND PLANES DETERMINED BY POINTS AND NORMALS .

'\9) \m\’)
Fiqi) ohas the Lime. Haough Hhe \:viwt R0, 9) Hhat Ana 4 4
nomed A = (a,b). !
e Line s vebresesded by vector esp <

1] \7,(
?\- E’P = 0 , vihue P N mb\'hnmj kv;h?' LY) o He Line
2 (A, (x-%,4-9,y= p

D a0-%) +b(u-Y,) = o — O
s 1s ealled the Poind -Nermal e of the Line . Z?Pa 5 (akc)
Shn&nrfﬂ,ﬁe\:cihi—mmmﬁzw-afﬁm}:ﬂnuisamu \/
AM) + b(Y-Y) + c(z-2) 26 —@) f
\ Po("ﬂ-’oazv)
b i e
/
w 7/
&I

élf*_"}’-‘p-‘—: 3 fellazy fom © that i RL,-de_eq;a- 6x-3)xU+F) =0
vepresests mmwm{mﬁ (3,-F) wib vormad W = (6,1) |
avel Lk%'{w@ Hat in Rz', tl-w_esu.p 4-3)+24-S(2-*) =0
vepreserts He plame Moyl A prink (3,0,%) with nemal R = (4,2,-5) .
Whet MM,&LWMMW(D&@CM&MWM omd the

mm.m;wbm%ﬂw_
THEOREM .

() & &b are costants that e nat boH zevo_Hen
M equ. of K fom ax+¥y+c =0 — ®
Tepreserds a Line in RY with nomal 7 =(4,b)

) ﬂ- 6,b ‘P\a are Coamgtomts Kt ave wot ol 2£70, then
on g of the form act¥yfcz +d =0 —@
repeserds o hlave in Rab-’iﬂmhmﬂ.ap R=(a,b,c).




ORTHOGONAL. PROJECTIONS - 4, many apblicabons , it is necessany hb‘dmmbaa, a

vectst ¥ indo o sum 01’ 8D rmA |, one term Dei
Nch-22v0 Vecksr Q oasl B obay tevm beina o
Yor exam

a Auﬂ.umpk!]::ﬂz Jf-aS]aea'Fd
b 7. ,
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THEOREM OF PYTHAGORAS IN R
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SEC(3:4) THE GEOMETRY OF LINEAR SYSTEMS -
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VECTOR AND PARAMATRIC EQUATIONS OF LINES IN R awdl Rs
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VECTOR AND PARAMETRIC EQUATIONS OF PLANES IN R
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Motivaled by e forma ot formulas @ to @, we com exteidl e rokima of Line
oand plane to R by wtkm.a -&Lj’aﬂap..ama definibons —
Definibon® 4 R, and V e vectmrs R and i V IS Wnzend, Thow e €55,
X =Ko+ tV ®
dz{im:ﬁw.ﬂneﬂawgk'ioﬁmk?s\maﬂﬁd o V. -
B special e \dwe K= B, Hhe dine 15 anidl o par Kongl the origin.
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defines Hhe plane Haogh X, tat is };qmﬂeﬁ o V) 2V, .
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Excmplle @ (\kdvr owol Powaynelvic. Egp- 01‘ a Plane in R)
ﬁvdmbvaudwam&ncwoi.m{:hu X-Yt+a2 =S - |
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Origin and parllel 4o T is gven by X=tV
' i\"-.‘) (M\?“zv‘)'_\;’(q) i (5;"3; 6,| )
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