S£C-1| INTREDUCTION TO SysteMs of LINEAR AQUATIONS -

LINEAR BSUATIONS * Recall thak in 4o chimenaions , o Line in @ rechigular wy-coprdinalc
Mpptem. canm be vepresewted by an egp. of the form
ax+yy =c (a,b wet ok 200 )
nd in Hree dimersions , a plane in & rectangulay wiz-cordinale systen G be repmsonks
by an esy.. O’T"ﬂ"-f‘”"" axtbqy+cz =d  (a,b,c not el zevo)
Gwrawj, we define a Linear &%ahdn ™' nvaviablea X%, -0, 10 Se one that
G e u.\mmd n ﬂu.-{wm
Qxy +0,00 + --- +aX, = b —_— O
Where Q5 0,,--,0;, and b are condlenks and Bhe &{5 ave vof all zero .
ﬁn'ﬂm,h\awaf e e L=o , Egu D has e fome

Q@Y + = =0 Oy, = O &
whicl s called a a‘lmaa%m Linear E:spu in the vanablea LT RPN

NOTE  Obsewve that ql.:'wws«&q;.«olnmmthwufweq s or yools of Variakles .
Aﬂlvm'ahQaAocr_urchJj bﬁzfi&t}xm:qwldnmk mjra.a OF

argumemts h;‘owmbl‘c,
ﬂaam'ﬂamt,dr a.\:m.u\be&-jbmchm% Some. o{‘vwm};lm ofi Linesy % :L —

LB =8 P X=Y+zZz=2=| , +p+ --- +N =2
mfom"—’"a %Mn’?&?mk“wr.__.
%
A+3Y = 2 A+Y-=%q =2 , Sihx+4z=0 , X +y+z = |

SYSTEM OF LINEAR EQUATIONS | A finike stk of Linear eguakions is called a Syakem of
Lingsy Equations . The variables ave calfed Unknaons - &rwm};h,ﬁnuv&gahm(@ﬂu
wknaons X omd 4 jomd Linear aystem (@) has wdonams 3% amel X, .

Sn+Yy =
1\-3 =3/-| 21 —®
4= + 3% = ) ZI e 2
Y+ +I3n,= 4
A Genaral Linear System of m espuakions in M unknooms %% - =, X, can be woribhn a4
Gy + QX + = = -+ 0y, = b
Gy +G 4 + - - il Ny =By

) l : — @
) ) g !
L]

\ \

i
Gy + Gy + = -+ Gmn Xy, = by,




SOLUTION OF LINEAR SYSTEM. — A Snﬂu.aflaﬂh\mwm‘|nhunf<m
XsMy, - == s Ny IS A meguence. of n numbers S,,s,_,“,snﬁwwhcﬂ.-ﬁmm\nkim
WS >N S, 5 - - - s K= S, maker eack equ. a ke shatement .

for exomple , e pyttom () Baa the aofu. x =1, y=-2
ol -B«amm@“ﬁw_\ﬂa./mﬂu =) ,%=2, Xy =)
These aodikions cam b Loritken wore mceindly s (),-2) awd (15 2,7)) .
TﬂsmhbMaﬂbamb\'MtkMMM erially as Boints in boo-
domemaional amd Haree -dimensional shace - L Pﬂ“
Moe qumerally, o selu. W=zs), %=, - - -, X% Sk
0% e -wa'rmg&twih n um\mwu Com ke woriklen aa (SlaSp""Sh)
which 1 called an Ordered n-tuble
ﬂ-h:z,ﬂ\w the n-iquTs slled an Ordered Py ainal
it n=2, Hew it s called an Ordwed h;}ﬂa.

LINEAR SYSTEMS WITH TWO AND THREE UNKNOWNS - |jnpay aystema in dwo nknasna
avise N onnechon Lok intersechion a‘} Lines . Fortmm]:iz, conaicley the Linesr syshem
Axt+hy =C)
Ok + by =Cy
n wbaclh -tlu.awH» of e egpakiony ore Linea in :ﬂ\awj-%m. Exf\mﬁu-(%‘i\)"{'
Buis mplem corvebonda 10 a boink of inkerseckion of #he linex , 2o Hure are Hoee }mu%h&'la‘ees -
D) The liney mey be PWM omd diskinct | in \hicl case Khve 1S wo Inkxsechon ahp\mueqwﬂg
no on-
"i)_\‘:zﬂimmm interseck akonbj cm‘:uint,ih uﬂc&cmmgthfuamﬁﬂ one alikion.
iil) TRe. Linea Wy coincide. , in whick care Bave age {n[hdhﬂj ™any ‘avnd:s of hokersechon

e kﬂ —>x
A A

NO SOLUTION ONE SOUIT foN INFENSTELY MANY SOWTEINS (coincidnt Lines

%%enad,mma-kkakq Lingay aystom s Conaiskead: ﬁ it haa ot Leark one adidon
omd Incomsicent it it haa no Aelu. Tha, & Gmgiskad Dineayr Aystom of o egu.in hoo
Whknaona fas eithuy one s, or ihﬁ-lnihﬂj MmNy mﬁuﬁam—idwcmv\oo%uw:ﬁea.

The Aome \‘shwz.{o't a Linear aystem c‘f 3. in 3 umoma  OMHEYTGZ=d,
m wtuch ki&%?q)ah c* %LEMM a.niin:u The ackudima Of Ex*-i;;-!-czzz:;d;_
mw,ﬂla’\ﬂ,mw\]mdb%ﬁnh aﬂﬂﬁwu}:ﬂam bl ot N
iﬂm’:,maga.in we pee that Kheve ooemp—j 3 ih‘ﬂﬁm—m&nﬁu-,m%-d

tnfbdh% Wl.ahﬂ /.\AMM




Examble (A Linoxr Syslem ikl Sue Salu)

Save. Hua Tﬁ J \ 2X+Yy =g —
__S_-;'@__- We can elininate % "daz/&cwnle%.hjanldina—zﬁmuﬂuf{nkeq)a-
the ] ! ]
o Mmgmmmprﬁaw i) ©,
wly i)
anmmeq,u-,we gek Y= g. ond g,\s:..;b;h..ﬁnamw}uinh
frad g ve g 5 2

~ - B
oy W= 1+% x= L.

TThus, B aystem Fus the Unigue Slikion; x =2, 4= 4

-
—
—
—

-
-—

C\eohd'ria.ﬁﬂj,ﬂu‘s Peans thok MW@M&%MWM%«LW«
iborsect ok He aingle puint (2, 4.

Example (A Linear Sypkem with No Soludion ) .
. _ MY =4 e
S&whfuﬁﬁw'-ﬂ Jingsar Ag s axray = 6 &

st i Conm eﬁmn.ah_k'g!m Necond eqp.. by M,[;Lm_a —3&@%%&*%.#
Hhe second egu. TWs Yelda B | =l

I

o =6 —O
e pecond esj- s Conbadlichony , 46 Mo aiven syshem Ras wo Aolibion

CWM&I'CAQ%,%W Bat Linea CMM m eﬂp.inw are \:n:mﬂM &o‘x‘.&hm{
_E_xgmb_ﬂrz__ (A Linesy System  with ihf-hﬁizng Many Solukiona )

Sdve B Jollns pl— | x29=1 — O
o " it ‘ 6x-8y =4 —®
__SE!M__: WM&MWX—WMWHM% _..a,,umﬂu{miey‘.kom
Necomd g Tiis yielda h-y=) — O
0 =0 ———-@'
The pecond egu. deea not | @

mjwd:r\cbmchqud\j,mdhmzmhondb&d.
TR, e palidin of xhe pystom are Mo valuea of X Q4 Kk acksfy Aingle efp. Lx-2421
Ws'@%,mxmmwhmmwrﬁ bm%.mm%maimdz-
Ohne way kodwcribebuadu.Mm{pAphem%.fwxmmmc}g Yo ablin,
X=LrlY  and Hen anign an abikary vadha's de Y
s ol ua 4o exprens the soli. by the boir o Sjpabing (called Paramelric Eguakins )
x:JZ,--\--'il‘ , Y=k
MN;YC;V;OW S+edfv<- rumerical anfutiona frvm Hure Evabjmhbbi\% rumerical
Fcreu.mpg, t=o yiedda He pdu., x:i , 920
b= Yelds Hhe palu. 1:%, 9=




AUGMENTED MATRICES AND ELEMENTARY ROW CPERATIONS -
ket a Ay of ™ eguakiona in n B unkoma s

Cyy + Ay, + = - - - FGN, T by
Ga®y +8, % + - - - - +G, N, = .,L,_
' ) ) \
L] \ ‘l \
Q;,-..X-. a2 !qh'lzlz * 5= = 2 +thl‘n - LDW\

Mﬂhil M w}m mhk L\*iH'ﬂ’I 8A C\" qz =7 = Gm b]
T Augmerdesl Malvin. for o [

1
! '

G‘m ‘t*mz."'&(hnh ‘L”“
The. bame method for aalving a -UWAWM s do M ate a.’azbmic,
oi;uabhmammwg&olot?ot M&M.MM%MaW
of increasingly Mm\;ﬂumm, kil a poink i veached \have ik can be ascertnined 1 hether
Xhe sypkem s cmaistent and 1}@;%&1‘.&4&«5@&0&.

‘\\Te_-fom-mna O\:uab'om N Khe oy of Auammhzo\ mabix e called Flomenkany

"

TW‘-"}DW'«EMCM a matny ——
) Mubbibly & vw B a wm-zen combaut -
1) Addaomhht'h'mmwbmw_




SeC-)2  GAUSSIAN ELIMINATION

bh Huis Section , e 15l dovelp a ayskemahic Fmdum&rmﬂmngw Of-
Lineax egpations The brocedure s based on the idea of }:\ufdmn-i cextnin a’»o-nhaws
on He MALWW makyin «jwﬂ«aw that Am]:ﬂ.‘fv’u \

whick Kee The Apstem’ can be arcerkained by inspechion .

Ecrelon FoRMS

R Echelon form — A makvix is aaid 40 ke in Rus Eclelom Form if ik has the
du.lﬁow\na Pro‘nuh'e/.'s —_—

‘.)ife..m.rclau_s nok comwst ehkl"!.p»j df-zoos,‘ﬂwrﬂu.—f;uk New-2e0 number in
e ver v 1. We call His a Leading | -

i) i Hure are any yaos that consists o&kjﬂcfzm,ﬁnmﬂuﬁqnamwww
ok Ko boktom of He makrix.

1) P oy top Auccersive o Mdam&cm;stmﬁnqﬁ dfm,ﬁ;lzubnaiihm
.QMXWOCCAJ:S'F‘JM b'ldu.*ds&.t ﬂw-ﬂmwnﬂ\fn"ﬁu%‘ﬁljw.

Reduced Rur Echelon fom — A v ecRelbn form 15 aniel 4o be Redisced Revo

Eckelon fom fi"ﬂu-?'mhix';\uaﬁu.fnm:wiha Nut\l] -

v) fadd. collumn that containa aﬂn&rualﬂnawvsmmeﬂminﬂdm&m-

Exarble (Rorbchelon wd Reduuced R fclebne form ) —
The follaomy maknices ave in Resluced R Exchelon form ——

0 0 l 0 © ) 6 o6 0O ) 3 0 2
[_oo:lJO‘o 1o )V 6 2|, 10 0 o )
60 o0 ) 0O o | a 6 o o o0 o
o )

© o o

my&&jnamhmmh&w&hﬂﬁﬁmwhok&&ad&w%%*
|

) o) U I 2 o ¢ 6 ) ) 2 o
o ! of .|l ' o e 13 g ,le o 1 -3 o
c o | 6 o o o o ) & 6o o o o |




LUMINATION DETHODS To SelveE A System OF LINEAR LQUATLONS .

GAUSSIAN ELIMINATION METHOD — T praceducre (or 4%..-”;%»:) thak veduces Aygmested
Matrix (m&wﬁy anyslem of Linesr eg1,”) bo Rour Ectelon form. i alld@m%mm.
Example : finel the pal o the folling aystom by G Elimimtin. —
NtX 2k, = g
=X AN, = |
3y -7x, +4x, = lo

Solu. T&gyvmwbqafepaaﬁm cam de w/tln as —
[I | z‘[x,] SJ
-1 =2 a3llwl= 1)
3 -7 "_J )(3 ‘ilo

e, Ax

o[ 4 ] ]
3 - 4 X4 e

N Augmended Madix , [A| 1] -_E. & I Elt}
a3 -7 ¢4 lo

2

(Y

q R,2 R.+R,
“wilo -l 3
|0 -lo -2 -MJ R =R
[ ) |2 g
wlo 1 <% | = R->CDR,
Lo -lo -2 =14

The cmrms/:vnobrﬁ Aystem of dons |s

I 2 % 4
0 1 -5 Y| = |-3
0 o0 -3 %3 =jo4

e, X+ ANy = 8 —
W=Eng =9 — )
_.SLX3 — ""104' _’_(ill)
(anq ezh.{;'ﬁ) y Xy 2
Frem (), X, -Sx2=-9 = wo
4 J“mvr(i), Y+)+2x228 I =3




GAVSS-JoRDAN ELIMINATLON METHOD — The procediie (or ﬁmwn) Mot vedueor
/%udmuafu( Mabrix to Reduced four el form 1s called Coms-Toycdass Pliminatin .
éxn;@élz;- Solve ﬂzﬁ%"r’?w« ofﬂneqrqu&:m by Gauns—Jorvlons Mollood —

—')L|""7-)§_+313 =
Sgﬂ( Y-, 4K, = o
2 Tigiven system of egiations qan be Lonition. in makix form as
Cy . Ax=b ,
1 R , D 28
/ L -7 A,J X—[i] & bh[ﬂ:]

Mi’l_, | ' . q
[Al] = R } n'oJ
PN
s

v C‘D —‘l g b R1+R‘
0 =lo -2 -4 5> B3R,
ik ! -3 8
wlo I -s -3 R, >R,
06 =lo -2 =14
) ) 2§
w |0 ] -S -3 Ry=2R,+ 2Rk,
0 O =-s2 =)
[ ) % g
“wlo ! =g -3 Ry (" ._.152.) Rs
[ 0 (o} ) 2
[v o 7 17
“w 1o ) -< -9 R\" R\‘R)_
1:0 0 | 2
J 0 0 3 N
“ |k l B ] Ry 2 R -7k,
o B | 5 R? R +sRy




SEC-1'3  MATRICES AND MATRLX OPERATIONS .

Matrix Nolabion and Taminalogy

A Mavin is a ml:nm.auﬂnrr arrey :r]- nmbers . The numbes m the arvay ore
called the Enlvies i the mabrix .

For euample , -the -foiﬂa-an-a vectanguler avay Wik, e s ol 7 calimna
might cleacnbe ')Hu.hoof'fmofs that :d:b-w[ud Wwi’a B.Shlﬁ:e:}:. o’-urind

a cerlnin week
)“hm -‘Tue_ H.cd _)L& FY! Sat Sw-; S
MaH, L & - B | 4 &
History 6 3 \ 4 3 2 Z
rgge 4 1 3 ) o o 2

tai-Nha

e suron e headings, Rhen e cve Lk i Row follusing vechonpuley
ayray °’r numbers Wik 3*7\40&:?: + calurua , called ntl‘%'ix". =

2 3 2 4 1 4 2
o A 1 4 3 2
| 0

2
4 1 3 0 2

COLUMN MATRIX ARD ROWN MATRLIX ' A malix wikkonfgmca&amix&ﬂd
o Coluwn Veckor o a CaLmNedv'm ovnd a makix u.-.w.,mp.jmw%aﬁu a
Rewr Veckor or « R Madvin .

SIZE OF A MATRIX . The Ska df—a makix s deacribed in derma °f Khe no. "f’
vouws (Hovizantal Lines) and calumma ((Verkioal Lines) ik conkaima . dn a size description,,
-ﬁ...*m)c M.WM&LMJ’mM'&zMW:&LM.#aM.

_E_x’nj_l.g wkakqveﬂ\asimd!-ﬂu—fnlﬂmﬁnd matricea —

X'ls z} , [_2 | o0 -3_], F ;. “J'i ['3},[4]

4
0

Soly . The 2izey the matrices are 3X2, 04, 3%3, 2x1 awd VX1 m]aec*mlﬂ




DNedation”. The. esty Bk occrs in vour | and calumn | of & mabin A will ke
dthhj &Lj.TRuAaauun.ﬂ MAan malrin s Lovithen aa

A = 4, Q, - — "~ "Qy
% 4, -- --g,,
' ] )
' ' ,
Qmi Bmy = - = Rmp

mHL;m % Compack nelabion s desived, the preceding mabix con be uriten aa (8],
oY A a2 [a\;d-].

The ey in yoer | MC&L&MJ crfambrixAl‘saﬁhbWMﬂ{j dewated by
e dambal (A - s for e above mubin, e Rave. (A = a

NOTE . Rowr aad Colun vedlons oe v’-s*uiuohnl:mhma,uolfihm ce
o dewoke Herm by boﬂdfuebwmaﬂz&rsmuuﬂ\mnhuiw&:s.fbrmmw,
dmuzm:’:bn.a o1-t\u.ehtfm‘ss wwnecerary . Thua , a au«rqf XN Your veckor ‘@ aud
a au\mﬂ mMx) columun vecly ‘B’ Loodd o Lvidten a4 ,
)
Q:E‘l at,_-"&u_-, ad b= ba

bwm

SQUARE MATRIX. A mabin A Lsith N Yooy apd N columna s called a Square
Matrin of ovder 1 congl the enbnea a

Jin-awui of makix A.

W8y, , ==* Gy, are paid 1 be on the Tain




OPERATIONS oN MATRICES' Se far,we Rave wsed mahices 4 abbrevinde Hha
wo-r‘k n /aoQM‘n.a mytems of Lineay eguabions. for abier aHzﬂ:‘caJ:-‘anA;bwmv,iJ: s
desrrunle o alwdb]: an ‘Avi 1 OF Modricea” in Lokich wadrices caum e added .
Aubbyacked m»dmlﬁ]:ﬁdinam;j.lumg.

Eapalily of Mobrices: — Tom mabrices ave defined ko be Equal if they fave Hhe

Aame pize anal iy CarraoPnA-:ha enlriea are

s wﬁeﬁmwm Az Byl  and B=(by] of He
Cak be exprersed by ik PSR :

Bt it g fwbjam o ;”zli?\,".M it 35 Wndaabpel

i x=s, e A= buk for ald other values of %, Bhe miabricea A QR
ove. mtesva.-ﬂ,mru_mkdﬂa[ ir cmre.s}ma!ma Mimmeﬁ)‘nﬂ.
Tﬁythnowﬂuafixfwwhn& A:c,AimA&C'f\Mab‘HMS'\w.

Sum. el FD\'HUW #Maﬁ?ml ﬂ A arol B are malricea a‘Fﬂ\LM&Aize,
Bom e Stom A+ s the mabix obkained by aabhna Be ardries of mabix B
o 'ﬂa.c_carrm]mmbh? entriea avf madrine A .
The Ditfererce A= s Hhe mabix obleined by Aublacting the ovines

G}B-ﬁ'rmvﬂm.cmls endriea ova

Makricea o‘F o'.{H“M Rized Cammat be cdded or Aubbecked .

b makrin netabor., iF A= [a;] amd B= [bij] have rame sizes Ko

(A“{‘B)gj = (A)I'J'\‘ (B)‘J =, qnf b‘J'

Al (A—B);J = (A =By = aj- b
Eum& . Conatoley e madyicea 2 ) o 1 -
A= ["' G 2 41, B=
2 7 0

4 3 s |

2 2 o -l

4 - 3 2 =4 S
C‘\k.d - | |
i

& -2 -5 2
amol A-DB = &3 - = S'J
yo=4

w MY
W
i

(7

-2 L'
g A-!-B:[’ 2
7 o

T efremions  Arc, @y, A=C amd B=C are wndefined




Sc&h\' Nuﬂ:}:ﬁm 0?"\1“)“"(% ﬂ-/‘\ s any medrin arol ¢ & any Aealar, B
the precuck A s e makri chtuined by mulbbluing eack eidry of he mabrix A
by comt.c . The maabix ¢ A 15 aaiol 40 be a SchrMJ:g:i}& of/\

n matvie nokakion, iF A = [a;;]. then (cA)ij= (A = <ayj -

‘}_x._qgﬂg:i-‘vrﬂmmb«'cu A=[2| 3 "J,B-[° 5 -,tJ , (___._[3 -6 3]

3 N el 3 o )
We Rave 4 ¢ 8 o -2 =17 3 -2
N S

| o 4
ﬁ“ﬂb#ﬁ*%m df Makricea - ¥ A is a matyix af'A'lze MXY amd B s mabix 01'

Al2e Yxn, then Hee Produck AR > a mabrin of size mxn ihese exdriea ave
datermined as follrrs —

Wﬁndﬂneehhginwiawluﬁ«m\} AE,AhalzwtrmJifvm
B matvin A and calumn 'S'fm Bee mabrix 3. Nit!}sbj Khe

cawm}amda' enbriea
ymmwwm%mwmmu#mea aoluc.)ga
Emm& Covmder the matricea A:['z QE tc,, , B:F _1,]
Fod AR endd BA.

% 7
U Sincee A TS a4 22X Ma it wel D S a szm*ﬁX,ﬁsz'AB
ixob.-ffmd MWM-—-

=3 4] 8 4
al®  Hlaxa
IX4 4 2X0 +4X 2 IX) 4+ 2X(=) + 4% 7 = E:. 2.?]
= {_?-%4+6xo +O0%X2 LR) + EXED) + OX?lm 8 - —
Ngpm pince B iy a malvix a-]-/aizn. Ax2 amd A I3 a mabinc aflzaize. 2R3
ﬁ\'-"""dw DA BM&%‘MW@MMH

4 )
BA = { J L%l
* ?39(1.

XY
4Rl + 1X2 4x2 +\x¢ 4%4 + 1%0 & 14 1€

~ | ORI +(Dx2 OX2+(-1)%6 Ox4 + (=1)X0 =)=z -6 o

- 1€ 46 8
LA) + Ex2 LRL ¥ 2XE R 4+ FEX O ana ang




r\w@x ’Pom OF A _LINEAR SYSTEM of ESUATIONS' Mabrin mudbidlication Ras an mp .
a}}:}:ﬂmbw afb'nw eguations . Consicler a sk o} m Linear eguekions in,
- St Q% 4 --- - - FQuXn = b
G+ G0+ - - - + 4%, 2 b,
, , '

]
]

= QX = by,

'
)

C\‘,.“x‘ » Gz‘m:.)‘:. L
Since *D matrices ave Gvu.p 1ﬂ- Fheir cor

' m}; adries are ,wecakn,aﬂnu
Be m equubions in Mz Ao Yy ﬂw_mn.alz makrix eg .
’—Q")\"" Qllx?.-‘. S Qn‘x-lq ] rL, I
QX+ 4, % + - - - +Q, %, by
' I ! = !
Laqu ¥ &mz)ﬁ_ﬁ' BomoE 4-0\,““](1,\ L-Lm__
Q) q!z R YTY b b'
R X bz.
: G, by = = qlh ,L = 1
L., ! " ! ; r,
Qm)  Gmy, == = - Gwmy | L™ b
8 we designale Buse matricea by A, x omd bm..ww_cm«nw
idu_oﬁamaﬂ/susbm a’f- m eqlationd in n wknaons Pas been wv_}»fuul by ﬂ.usm?&-
Ymivm -eﬁ}.q AX =k
e madviv A in s e is called Khe Goefficiest Mabrix of Hhe Ayshem .
The Mm;x%mmmowmygw&foma'g@Amm
Lank ) Buw Mee Mabin Is
ay &), --- Q) Y
b| = " '
{A‘ ] Q,, Gy - - " Gy S,
' ) 1 :
am) By, = = “Bmy LI




TRANSPOSE OF A MATRIX ! A any mMxn mabrix , theu the v of- Ais
definel 40 be B nxm marix Bt results bjﬁducf\ma'ma e s and calumns of A
and is dewcked Yy AT .

Emm& ! Fmd He 'qum.]xsu 11— ?‘:L:.-Faﬂﬁa—’lna mabyvicea —

A = Gn Gy Oy Gy 2 3
> B:

qll qll q‘,s q‘;" ‘s_ 2] i G = [‘ 3 SJ P D :[‘1]
G3) Qyq Ga3 Gy
Sa'ﬁ“" an 4,, Gj, | T
T 2 ) S T =14
A - 2!2- [ PEY Q3;_ 5 BT-_- [3 4 6] 5 € = [3'} & D [ ] .
\3 q)_} G33 S

TRACE Of MATRIX. H A s a Aq}mwmbix,-&w—n‘;ﬁmof./\,is defined
‘o ke He pum of B erdriea on M wain di of A ad is dueted by tr(A) .
lel-*'mu.a’-A s wd:-fmul ff'A Bmka/w..qnw‘:rix.

Eumbk Fined B Yvacea c‘»-\‘b.-!uﬂmra matriced —
Gy G G
= RB=123 s - 4
A % G, qzs‘x ’ ) 2 g:c -3
Gay Gy, Ga3 4 -2 I o
tr(A) = Gy +G,, + Gyy
r@) = -\+s+7+0 = 1.




SEC-14 INVERSES | ALGEBRALC PROPERTIES OF MATRECES

In His Sechon , we will Nsuns seme ({lﬁm—aﬂﬁdﬂdc‘rm}-ﬁu d}ﬂhr)ﬁx%adﬁm
We 1ol pee Bk Mo Mtwﬂwdf-ww.mb'c-sbrvufmmw -Sv'r?m)mm,
but e Lill alew see Hhat some olp mak fald

PROPERTLES oF MATRIX ARITHMETLC ° Amvv-ina Khat M szes "% i i

are Auch dak Hhe mdicated erakions can be bedarmed , Mo follosing vulia of
mabin aribmetic. ave vbi K

) A+B = B4+ A ommutetive Lawr for Addikion |
) Ar(@+)= A+ +c  [Associakive s Addlition ]
i A = (AR)cC [Aneriakive Lawr for Paliplication |

V) A®+O = Ae +AC  [lefk Sibikdive Law]
VVB+OA = BA+ cA  [Right Siswibubve Lacr]
Vi) AB-c) = AB-AC

vil) B-c)A = BA-CA

Viii) a (B+¢) = al+ac

X) a(B-C)= a@®—qa ¢

x) (@+b)( = aC+bC

X\) @-b)C = aC-p(

x) a(bC) = (abd(

Xi) 3(BC) = (aB)C = Blac)



Examble © Assxiakiviby of Motrix Mulliplicabion
Aa an illuatration of the Aseciative o> for mabrix mulbiblicakion , comvider

“%ﬂ:wl‘;%] 2 2=[} &

(v} |
thagh AB:E, X [‘; 3;] —_-Fo is_;,J
o 1] 2 !
oc=[43]0 5] =% 3
Nor A-(E,C_): ZZ:J EZ 33’] :{% :533:'
~ e <[ Bl 2[4 3]

Hoe  Anc)= (AB)C
Guesbion : Verify Ameciakive Laws of Madrix Mubbiplication, by Examble .

oW~

PROPERTIES of MATREX MULTIPLICATEON '
We fknas tatk in read aridomebic , it s olumy.\'but at abz=ba, whick & called
e Comruinkive ijv Mulb icokion. . But in Madix Arilumebic, ﬁ..i‘:q,d..h af-
A ond BA can fo for ﬂmwm—n
) AB may be defined and BA may nek (for ewomhle, A s 2x3 ad B ¥ 2x4)
) ABM&Ammu&&wMMWMW
(for examhle , F A s 2x3 awd B 3x2)
0) A owedl A bokde be defined ama harve the same pize but Hua oo Mabrices
may be ditfoent (s Wisbated n Khe next example) .
Examble  (Orelor Mabkers in Makrin M}L eatiot.)
Conaicley Hhe Makricea = " ] aral B"’[‘ ZJ

Nu&+baban 8\\@.\ AB-(:'! o ] [l -2

wd paz(y 2 :.J[

ThA  AB ard BA harve aame Sizes bt A&-:#BA.




ZERO MATRICES | A malrix Llese entriea are ol zero, is called o Zeve Makvix .
0
Smmexml;ﬂmaae [; c;], OOOJ, [ZJ’ [o]

o o o

We will demote a 2ev0 makrix by O wnlos ik s im}o@lmt bs}:.ufg iks
Size , n d&c&cme.wtw‘dlclwi’ztumxn zevo mabrix by Omyy, -

PROPERTLES OF Zevo MATRICES - ¥ c s a aswlar awel i the Alzes of khe matrices
are Auch Khak Dhe cperatins can be poformed , them
D A+0 = 0+A = A

ﬁ) A-0 :—A
W A=A = A+(A)= 0
v) 0A = 0

VH cA=0 . thew cz0o A=D.

NOTE ! Since we knowr thak commukabive lasr of mudtiplication. of veal caidamekic
18 net velid in matix oxHanetic | ix shordd mkbzwrhuin.a“ﬂux.we'cﬂq
Wwfdﬂu M&M%wam%nahimaiwwmm—
i) ff ab=8c awd a0, Yy L= c [Th&nalﬂahm«' Lﬂ-ﬂ

W& ab=o0, Ben ak feask one of the fuckns on the Lft I3 0

T&WMWWMMMquMwﬁwmﬁ% bre
in Mabrix Arilametic .

Example @ Failure of Gancellstion Lawr
Conaicler e malvicea A:S'OO ,2.}‘&'-'[}5 L'})C_[z_f

3 il

v ase L] 4] =2 4

pe =[5 41 2= 2 4]

Tas  Ap = Ac 0 4
Aldougl. A+ 0, mg A both alelea of @ 1oe B=C, whick i3
ncorrect comclusion . Thua, ﬁuw Qu:dmmnnkfiz:, n gemeral, for
‘mhixmia}»u@vﬁm.
Examble @  Zerp Preclck wikh NonZess Mofricea

woa=[31] . e[}

o O
Mee A+ 0, B+0 but

re= A 2 = 2]




IDENTITY MATRICES | A Agquare mabiin wibh |'s en the main. diaganal and zees
elsershere , is called an Tdewbity Madix .

| (o] o] (o]

I 6 o 0 | (o] (o]

Sam.mmﬂw ae 1], [:’ ?] , [g ' o:) , le o o
& 1 6 o (7] ]

An ddutiby Makrin is derpted ﬂglubkxi_ﬁtkisim,mﬂhnkben ize
the mize , we il u‘;.kz In for the hxr,:!jfdmﬁ{a, makix . }JM

NTE. o explain Hhe vole of idunkily wadricea i mabvix arithmetic , fek ua congicler
ﬂ\&ﬁwémﬁlﬂ‘“ﬁ‘twﬂﬂ nsM‘mAme::ﬂm’J.zquth,' by parix

th}»lgi'ng on fe vight by axz iderckiliy matin yielda
AL, = rm Ga Q)3 L ¢ 21 . [ﬂu 9, Ga ] _ A
Q) qu. q}.'b] O Fo) ] - qz! q;;_ 413 -
and mw.-,'}.lgina oh the Lt by 1x1 idudiky mabin yidda

LA = ['0 O'J [j‘n Gy, Q,3] = [qnl 1Y Dﬂa;} = A

U, 6,, &, %, 6,

The Amme veordt halda i M;Mis,r}zﬂtsmﬂmhwﬁx,m
Aln= A  awl 1A= A

THESREM: - R & Bie Reduced wechh%afnn nxn malix A, dhew
dMRMaWofzmsaRisﬁwidwh}JmeIn.




INVERSE OF A MATRIX ! §f A 1s a Muare mabix, and if a wabix B of dhe aame
S2e con be found such Huk AR=RA=I, than A is said 3o be Dwersihle (or
M-Mn.auﬁar)md B 7s called an Iwose of A H no auck malin can be fownl,
Khew madrin A Y3 anicl o ke Singudar,

REMARK . Thnla.bmaﬂ: AB=BA=1 i mkclargedbjwvcfw%hﬂ/%&ﬁ,
Aorf-An‘s.bwaﬁUzo\ B s an B\youofﬁ,ﬁmikuxababw-ﬂukgn

Trvaxkbible , and A ix mni'mmaf- B.
Thaua , Wwhew AB= pA=1T
We Aaly Khat Aﬂkﬂ&&n_'bmmafeacf\oﬂux.
Examble  An Jwartible Marix

N s
WA= 5] e = [} 1]
" - > - |1 © =
Them A@,_[_'z' ;‘]B 51]_[0 1] I
2 -5 - ! 0 -
BA = [3 S.ZJ L—l 3_] "{'o )J i
Thia , AMBQR.M&HWM&LKGM.\W&O‘*MGML
PROPERTLES OF INVERSES - &k is veaaonable Yo ask \shether an mwerkible mabrix can
e vare thaun one inverse . The next theovem phoacs Huat B ansoer is No —
An tavertible matvix s exacy one fwverse .
THEOREM. H B & C ave boH, \WVMaf vadrik A Yhae B=c .
M- sina.BTsmimmdf-A,m BA=1L
Muxyﬂma both aies an vight by C gva (BA)C = Ic
‘\g.') (BA)C R — O
(BA)C = B(AC)
= B1
®A)c=n 3
From ®AD , we Rure R=c

NOTE /-\'SO.CMI-W&*‘M\M tnd reetldt | e can oo k o Hhe
wese of an iwverkble madrin . r kS Of‘
# A s twerbble, B s bose will e denaked by A7

e, A= T e AA=T .

We kwor Hut




Theovem that shecified cadikions wdar whick a 2x2
makin Is \vwabﬂz.mo\ prwrjm a A\m}:l:. i"’w‘ﬂ“'&" its verse . We wall
& mebed for cam]awbna he mverse of an jnverbble malrix of any Aize in next Seckion.

THESREM:  TRe walrix [ ] is Dwertible iff ad-bc #o0,
wlicl d —b]
n s e Duerse s axvmbj A = ba[ 2

NTE The quamkily ad-be vs called #he Delorminant of 2x2 mabix A awd IS
Towobd B k() = ad-be

or alternatively by !“ —"I: ad-be .

Thua , the above Theorem atakea that a ax2 medix A is Invertible ;‘Fahdmﬁ-aff
ks oederounand IS non-zev0 amd 1} inverkifle , Ben it hrwese can ),gu!s}nmdhjm

Erample : perming whibler B follicing mabices coe Swerkible ¥ 40, Jind thaiy Irwerses
m A = [i_ ;_:] () R= LS _J

20 GhA) = 6x2 - 1XS = 7 (hon-zero)
Tuss mabvix A is Dowerkible awal s Inverse 15

—\_ ) 2 - “ "'L
A= “-,?Ls gJ [TS_ i:l
77
Ne G o tak AR Al o T
M b (B) = 1JxEs) - 3%z = o
T mabix B is not Lverbible |
Examble @ solly, af- a Linear Syskem by Makrix Inversion




INVERSE OF MATRIX PRODWTS

THEOREM 1 A& D ore Inverbhle wabvicca wikdy the dame M2e, then AR s Dwerbhle
awmd  (AD) = & A
WSMCGM&&'}M fo Hiree or move mabicen .
ey (AA,- - - An)d':: An A;‘_, - ALA)

E_“f&: V‘”j"ﬂ (ABj': élﬁ-‘ by tnklho an e_x_nmllc

- 2
o AB-[’I%[iL

[+ ¢
A&_Lj 8J

det (AB) = 7x8-393%6 =2
' o ) 8 -6
AT Bl

(=[5 "EJ ®

Arnoa=[) 4] e={3 4]

detA) = 1x23 — 2%) = | o{d—(&): AXN2L—-2X2L = 2

‘ =Ty~ - -2 Ty =
o A~[—| l] e,:-’;[fl _,_,:] -[.., :;12_—]

\ =l =) " -3
le,, BA :[_2 ;:l @
A z




SEC-I'S  ELEMENTARY MATRICES AND A METHeD PoR BINDING A
. His Section e wnll olwaﬂola on O.Qaaviﬂdw Jor fmo‘m.a the mverse of &
Matrin amd we will st Aeme of-ﬂ,g kanc ‘:‘ro}v:sb'm a‘f- mvertihle madricen |
' n Section 1 , We dxﬂ'-hto! Hiree eﬁmmhrj oo o}auu.b'% on a mabix A —
() MEJ}&% Q Yurdy 4 wm-zov Comslant C
0 fbs}ufdanag oo Yaos |
D) Add & comat.c times epme vour o anethey .

T{Muﬁhmmfk‘thimﬂ}sfaq/\%

) iwbwogmaz the name b szox

(7) 4 B vessdtesl by adali ¢ Bmes yos v, of A to vy, the add ~cimaa, o ¥, .
&faﬂﬂh&ﬂmiw BJ\S&MM‘?MA& wui aWaff-e&muM

W*{nﬁ%,ﬂm«ﬂnﬂtkﬂmhzﬁm e wci»uubm S whacl,

wﬁuq}:]aﬁaalbﬂ}mmvsA 1

ELEMENTARY MATRTX — Aw i makix is. callied an Elementary Mabix i ik o
be ostomed frem mxu ;'dmh'i’j wakyix -[ubt) ana a smﬁ); eimm'rj wa}wnb&n.
Examble. (Eﬂmmq Modricer amal Rorr djpuqh‘m)
Listed Jelowr ave —fmr emekwj Makrices awd A oiwrn'hm et *ﬂoﬂ"ﬂ s —
{\0 ] — Mubtply Bopecrd o of I, by -2

' o 1
Kg 1 o]ewﬂuuﬁmhmdwvfisb :‘d....—fvsﬁ'W.
0 1

(o] (0]
(®) (0]
(o] |

| (o)

ye—0

&— ihkvoaarljcqukd TJ‘LYM‘-SO{L,




THESREM (Rm- Cpayakions by Madrin M@@m)—' B the elomertary mabix €
-}Y,,.,, Fﬁw 1 ' Mx

U ming a Cerkath yaur © abmmﬂmndf}ABahmxnw )

mMWMis hlxMYMMWWo?&@WB‘NWWA.

E)m%t(\hhaﬁﬁunubmjw&im)ﬂ ['2 o s 3{!
' 4 o

Comicley tha madrix A= )

0
0
|

o]
)
o
uhckmusfmawxaﬂmmwm#iﬂpmmam.
T Produck £A i3 EA“Y o = 3}

and Cowaioler elw«m'wnj i & &;
2

2 -1 3 6
4 4 e 9

Which 13 aame Mol Bt veardds Ldan we asld 3'5"”””"'?“}”0{' A
 Be Hid yoo.

TABLE
VMOmeLMMmE Ru:@fuwb’cmou&-\‘bl'bwlucmi
D Mukply yer L by € F0 Nuﬂh}s%wikaia
;a)bw&»ﬁemcwi Inhrchange ymzs Vol 1
i) Ade ¢ Kimes Yos | bp Your | Add —c timed yus L b eI
Examble (Rno Oporations Mﬁwm@pww~bep%ofm%,
o chadery v Cpureion s appd o ax2 Ldsudibyviabin 1 to cimin o

Elomerdary mabin €, Eismdbioﬁ%ﬁ'aimwo}wnﬁm@. o]
__,—’//_‘_9 \
{\ N@HMW%J{ ©

S )

|o g Iy om0 By 7 E
Lo

o — S N io ?J
‘} 1,,,,,Jwa§hgr&wwm L o} wa&m(jz-fiﬂ&w»d
1 OJ ,7{‘ 5]] /——)ED OJ
L) ! Add S bimes e Hecond T2 Add -S kimes He necord o
Xb"ﬁu-{‘iu‘“w o e fhts\'m




TEOREM . Every Elamerknry mabyin Js brovertible aud $he Twevse is also an Elusdary
SRSRERL Malri .
THeoReM (EQUIVALENT STATEMENTS)

a A s mmmmb;x,mmfuﬂﬂm.a' Matemert ave egiivalont (Hat s, all we
o ol e ey i

M A s Dwerkihle |

(> AA%=0 far only bivial (or 2r0) Agdiction
(1) The veduced voo echelm of A s I, .
) A s 1-115\’%!11& A a }nui«cl- 6}- e-QLMou,{qnj maknces .

NOTE. The vabidily of any ome Atademerdt mplies he valiciby of ol Hhe ethers, ard
the falsity of any ome imbliea Hue falaiby of Ree athors.

INVERSION ALGoRITHM . —

18 find the dworse of an wvertible wmadyix A | Jnd a aegpence of- elomerdsny o cheraing
Kot veducer A to MM;BWI qmmwmmimwm
opurakions on I, 4o okmin A

A Aimhle Mol odl for cm-g'ma ont Haix }mwulme isa:\\»eu‘mfn%«.;momm}ﬂp__

.Eﬁn_& U"m-a P“JO}u.nHM ‘51‘110‘ e 1m¢mof mahix A= [‘1 IS' g]

SOQL\' Lot -\*l,,.};&*rh'b'tm.e.ﬂ mah'in o""ﬂ-t.{wm [A\ I.J R

TWMMMMQ}MW?EYGHM#MWMX wdil A % wtoi;ﬂm#m)im
will cmvert T to A Ao -Flm!m;mM'\‘h-‘bm [I\A"J
The Cam':.J:wboM ove aA foukn —
- T I 6 0
ALl =12 ¢ 3|46 1 o
I o & c o |
1 2 A )] o © R, 2 R~ 2R,
0 | =3 | =2 | (o] =
L b o S - 0 ' ‘Rs—, RS R\
2 3 \ o ©
wlo ' 3| -2 | © Ry~ Ry+2Ry
o o =-1| -8 2 |
3 | © ©
" c'n 2'- 312 ) o Ry»EUR,
o) o ] oS g -]




-“' é-- _3 ‘R‘ =» R"'?)Rs
R, > R +3R,

o © -40 16 9§
,\[c‘; | 0 \ 13 -S -3} R~ Ri-2R,
0

-40 16 2
Tha A": [ 13 -5 -3
S =2 =
T0 SHOW THAT A MATREX 1S NOT INVERTIBLE —
3 of'h-n ik will net e knaon n edvomee it o %Mh nxh mabrix A is pwertible .
HMKY;T[-I'J-"S W;ﬁmituﬁﬂkhﬂ»ﬁihﬂe fo veduce A o I, by E.wadzaj Lo
o}uaﬁmxs.TL':rs uiﬂﬂbeaianddqumofm a#w'maahxj.,_wk@& .,f-ﬂ.,_‘)q,b-b'ou
a,cm/\h&:_c? Iﬂ»&m’m%iﬂaﬂ.ﬁﬂu‘s cccws,'ﬁ‘m\»’c.mnkn}:mcw]»hhmd
oad comclicle Mook wiakrin A i ot Dovertikle .
Bramble. (Stasing tt a M is ok Irverbible )
Sha.:——&d‘ﬂq‘,m.a\ﬁx A s wot Dwerkible \Aoe A :[:’z ét’, - ]
2

.
. & | I © O
?il_.'“ Hare [A‘_L = 2 i _‘; o ) >
=} % Slo o
| 6 " J ? g RL-,RL“?'R‘
A g ‘g ‘g "ll o Ry = R+ Ry
| 0 (0]
0
|

Sinee we have obtamed a w% zeros on Left aide , Pe welin A 1 wak frwertible




ANALYZING HOMDLENEDUS SYSTEMS — A Momogonenws Linesr Sydow of B
“Haa vnDAJWwiqﬁ Solu. \'ﬁ its coc.ﬁ'c';wk ma¥ix ix Dwertible .
f:mml;\_!g_.: Determine € uhelluy Be %\m b‘la»wau\m Sygtem faa hm—b';qu.p Aaﬂkbah& pe

M) R+ 2+ BNy = O ) W, +6x:_+ /-1')(3 =0
xx‘+512_+3x5:.o (n) lx,-v—Lns_-x; =0
X‘ ""gxs =0 --X.,-l-?—i,_-&-i"ls =0
olu.
M We_thf‘ffciuJ: mabrix I3 A = [;_ 2§_ i
] O 8
whick is Dawerpble by Prwpm example .
Hence. | tla.m,ébmof-e‘va (1D Paa ah% frivial pals.
) T Cuﬁs‘du& malrix s A= ;‘ 51 _z:
- 2 S—

which s net fnveviible by }rrwm exavnble
Hance, D syelon o esp. (1) oa non-boivial aalu.




SEC-1'E M™MEIRE &N LINEAR SYSTEMS AND INVERTISLE MATRICES .

SOLVING LINAAR SYSTEMS BY MATREx INVERSION ~ TR far we fne Alidied

o Pvac&dam 'Yw me Sputems — Gaw- Jovolan Eliminabeon owd
Gawnau E.D-I’ﬂuhgdncm_ ,J.u:, o achwl -fc-rmu'.q '-B\LAJ‘A
"f GLWT/WH *?fhe-‘va.s mn L:amm in Hhe case Whave cacf—f yabric TS Dueybhle -

THEOREM © 4 A s an Dywerkible madsin of Ake wxn Mfereapﬂ.hxl mabix b,
'anmadunofc% Ax=b has exactly one h.amzLJ =A'b

lﬂm}g& (Solq o‘f-a\.im.ﬂsydwa Usm.a A)
Find the Aoy, o'F sl vf Linear egpadimn'—  MF Ve IX, =T

Dy rSIR+Ix, =

SQL" X, T 8= 17
- jnwhfcm,*haimsrhmmkmitmaﬁs Ax=b

w‘fum/-\:'g_z-—s _ ™ -
L o 3|t X% - "H

i e ) y
nmm]:ﬁe_df-}vm&"‘a &:bm,mn&w—amA 1S mverbible amd

NOTE . Ku.\a'm mind Heat -tusg'm.dd\.ac' wﬁ-] o.H;L'eA uf‘mﬁ‘a/s%d:u«‘fm QA Many
eppakions as Wnknams avol A cx%’u’ou}c mahix s Dwerbhle |




PROPERTIES of INVERTEME MATRIES: — Up ko nar, 4o phowr Hhat an nxn puinA
s nwerbible , ik hea beew necemary tp find an nan mabic B ach-Hat AB=1 & BA=1
e nek Theovom sl Mok if we_}rrcd«ucz an Mxh m}m&/mﬂs{gb\ae}ﬁa—w
comdition., thaw the obler condition Ralds audomatiolly

THEREM. b A Le a Aquare matbrix

1) # & B a Aguare mabrix Anklxrfyma Azt Hew &= A
b BB awwmm%ra AG=L Then Bz A




SEC-|F  DIAGDNAL , TRIANGULAR AND SyYMMETREC MATRECES

W Hus Section , we Wl disans Matrices Bk Rane Verious s.}aem‘o.f form These
Mabrices avise in o wofele. verieky of apblicakions and will alse play o import: vele in
ouy Ambgegreert werk .

DIAGONAL MATRICES -
A sqpare matrix m L ol entriea ¢H the main an.am:..Q are zow,)s colled
Dn’nﬁmm.ﬂ Matrix . Seme of Hee exam ,

BW malrices owe Ghen ad —

[0 o] 3 0O | 6 0 ) O © o
o 0] ’lo - J » |0 0} ,lo o o 0
o Jo)

(4] ] 0o 0 -2
A QMD nxn OLIW

o 0 (o} 5
matrin D can de A

ol; © «0---0
D= |lo d © =-=p
0 dy - ~-~ 0
S ' i
Trverse of Diagamal Marix © 0 o0---dn

A D"W Makrin 1y Drwvertible fﬁ ol of its ol.l'aﬁm'\nn endrica are Nonwo.
W Hds cane , Hhe hwerse aﬂ-@ s

o - —-—--0
o yd' l/od 0 -- =0
D=9 * M . on oD
0 0 /ds ) —®
‘b ;) s —"l/dh
WMWrmW@%M%M DD = )S\D:I
Porex o’} 'D)hﬁamz.o Mabrix
D is diagonal medrix given by (D amd & is a bogibive , Hhen
o agonal Srvem by kko o "i‘d‘ﬁ
IR b v w Wil
D= o d, Ok o
¢ o & = "7 —®
¢ & @ = edy
| o 0 2 < -S
Bamdle: 4 A=lo -3 0|  Haw dind A, A and AT
& 8 % ' &




TRIANGULAR MATRICES — A Aquave mabin in Lohich all Hhe entries abave Hhe main
' are zomw, s c:zﬂnd WU-F'n'm.auL( Mabix amol a W:ﬁ makix in u:f-ad’. alf
B enkriea belaor ﬁw_wdnoﬁaénmf are, zom , s called UHW )ﬁanﬁuﬂar]‘\oim.
A madyixn That is eilh uHau' tn'anguﬂq"r or lowrex b'f&\'a«ﬁq\’ 'S called ﬁv;mg..ﬁm Mabx
Elmw t Upper ol Lvmv—‘;iqwﬁqv Mabricea

o}

A M Q) Q. N3 Ay A W‘J R :" 2 g o
by by 0 Gy, G Gy Sorer triangular a"“ 2> o ©
tvi y —|0 (o) O3 Qg Malyix, 7 q3 c-:: q: 4
gy 0 0 o Oy Yy | 2 3 4

NOTE | observe that &w mackriced ave bokl. upber bianaufnr avol Mu#ﬁrﬁufaﬁ'
Aince Buy fave zoos belno omd abeve :ti‘LWth.obagdm.f.ObuWe also Hhak a Aquare

medrix in Yoo echelom gorm is \)Hw Flhhﬁkaﬂ'( Aince it faa zoes bdar Hue main cuw :

FREPERTLES. Of TRIANGULAR, MATRICES -

D A Aguare mapin A= a1 s Uppor T:r'ianﬁ/uﬂa.r FH ol entries 4o the Loft o‘F the
main din-gmaﬂ ave Zevo ,Hat ix, a;; =o 1]- L] - 5] 1<

W) A Agare e A=[] B Laowr Tranguday 1 all odvies 45 o wight of Hee
Mzin oh'ﬂgqu ae 200, Kk is, q;'::rg‘iqj ;

i) A Aquere mabix A = [c.‘;'] s Ufg}w'ﬁ‘q%uﬁqw it i o phots ot ableast L-) z0os ¥

V) A agpare mavin A -.-_[q;Jj s u.mmqwbmﬂqv ,ﬁ it nkerls Wil etleag -1 Zeves fm eadid' :

THESREM

) TE&W&MFOSQ Of' a lowex \vi y Metrin i3 UF _ﬁ'in'nﬁl-ﬂl’f Mabvix anal
Hoa Traneprne of e Uppet Tiangular Mabix 73 Lowses Triangular Mabvix.

(D) The Prechuck of Lazr Tia Matricer 1% Lowes Trangulr Mabix ared
Ha Preduct UHM!T;E r Matnces s UH:UFTa x Medrix .

(W) A Wimﬂ«ﬂolr Mskrix 35 Drwverbible rH- ks o\,w edbrieA are oJ nem-zero .

(iv) The Inverse af an Dwerkitle [orer Tvi Mz is Lowoer Tvia Y Gl
e DHuene vf— an Dwverihle UW« Wl'nn&l.. Madrix 1S Uff}dT:l -




SYMBMETRIC MATRICES . — .

A Ajuare ma&riu_‘/-\, i5 Acd & be Symmedic I‘f“ A=A .
- 3tis eapy 4 )upanizz a Symmelric mabrix by m.s)aﬂ.thck S, . W
The extres on Hwe main di have np reabrichow, bk mirver W
Eumgl__ (S\jmmdﬂ'c Matrices ) —The ’F’M’wm’a Mabrices ave Summelvic aince each :Js
equal Jo ks ouom banapese — {«1 2.] l:'z - E_J )F 5% %

e B o o A

ALGEBRAIC PROPERTLES Of Symmetric MATRERS —
THEOREM . 1 A 2@ e Spmmetvic sabricen with e pwme aize. and K i any acabar He

) AT s Symwelic

) Ar® omd AR are Symmdbric .

M) kA B Simndvic.

TRODUCT ¥ 1o SYMMETRIC MATRICES 4t s nat e, n ij).ﬁmt Hhe W
a% Summelnc madvicea 13 Symmalnc .

THEOREM . The procuck of £ syrmafric. Madricea IS Aummeinc i ﬂu_:mb—m c‘_’rmrm&
Prf . Lk AR @ are Aymebic mabrices with Aame Aize Then A= A AB8=R
No (AR = AT
e, (AB) = BA
Thus (AR = AR H A=A, Butis, :'H- A QR commute tv eadh ofter.




INVERTIBILITY OF SYMMETRLC MATRECES — 4y, ?.umJ; & Aymmatyic Madix need nat

be inverkible . For example. , o diagonal mackeix Wit a zev0 onﬁu-)'mimauagam] 1S Sigmmnelvic.
but nek invertihle . Haover, Mfo%nnaﬁwmw i & aymmatnic makrix appens
bo be verkiblle , Kham its imverse ruat clo be aymmatric .

THEREM - H A s on Dowerkible Suymmetne madrin P AJ S Symymaelvic .
M- Ll A s roverkible MJA&WMC. , Theuw AT:A
Novor- (A..;)T = (AT)_' - (A)_'
i, (A")T = A"
= A—-' s Symmetric .

Propiers AAT avd AA 0 prpin proclucts. of B fom AAT aual AA atise i a variely
of QH:HJCAHUM.""A 3 @k MAN metix , e A s an hxm mhix)m-}i._}ycuhm
AR and AA are both Apare matrices — 4he malyix AA Has size Mxm ol

Be mabix AA has size nAn .

Sudh predects ave alumuys Symmelric since
(AR = (A)TAT = AAT
ad (AN = AT = AA
Buamble (T Procuct of a Mabrix and s Transhese, 1 Symmehric )
kb A s a 2x3 makix Fiven by | -2 4
A= [3 o]

-5
Now- T o i =3 & '3
AA' = [_3 5 _S] [—L o]

4 -s

= [_21; -‘,_:1] " w{,cﬂ 3 & Symmane mabiy

‘) | -
Aﬁ“" AYA'—"I:Q _:;:[[l L 4

b | b2 & =E
) -2 =l .

= -2 4 -g| , vk o Symmednc
= -8 g4

NOTE | Leder i Hu ek, 1oe. wi 0 ebledn goneral condlibiona wder Lohich AAT sl AA are
ImbM.}w,ianwuﬁmAnme,mﬁmh ms reatdk —
THEOREN - 1 A 1 an Dwerkible mabtx, e AT avd ATA e also Tuertiale




